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DIFFERENTIAL CALCULUS- 



SECTION L 



DIFFERENTIATION. 



1. When any number of quantities are connected in 
such a manner, that the value of one of them depends upon 
the values of the remaining quantities, the former is called a 
function of the latter. When, however, a quantity depends 
upon others, some of which, in any particular case, are con- 
stant, and some variable, it is usually called a function of the 
variable quantities only, no notice being taken of those which 
are supposed to be constant. 

Functions are said to be explicit, or implicit, according as 
they are, or are not, expressed directly in terms of the quanti- 
ties upon which they depend. 

Thus ^, <r", a', m and a being constant, are explicit func- 
tions of w. In the equation f^ — Sayx + <v^ ^ 0, a being constant, 

y is an implicit function of w. If rmt = ai(u — e sin u), and 
cos V (l — 6 sin u) = cos u —Cy m, a, e, being constant, v is an 
implicit function of t, sin"^ V^(«^ " f^) ^s an explicit function 
of w and y ; and any root of an equation is an implicit function 
of the coefficients of the equation. 

A function of any qu^tities is expressed, when the form 
of the function is unknown, by enclosing the quantities sepa- 
rated by commas, between brackets, and prefixing one of the 
letters/, F, 0, >|/^, ...Thus /(<r), >// (y), F (a:^ y, x) denote 
respectively functions of ^, of y and of cT, y, z. 



2. Let f{x) be any function of x^ and /(<a? + h) the same 
function of «r + A ; then, it fQv-^h) be expanded in a series of 
ascending powers of A, the exponents of h will be positive, and 
the first exponent will be unity. 

The series for f(w + h) must reduce itself to f(ai) when h 
vanishes ; consequfently the exponents of h are all positive, (for 
if any of them were negative the series would become infinite 
when A = 0) and the first term is/(^). 

We may therefore assume 

f{w + h)=f{w)+f {w) h' +f\w) A* + (a) 

where /'(^), /"(«^) J ^® unknown functions of a?, and o, 

bf positive quantities arranged in ascending order. 

In the same manner we may assume 



where a^, o^,...; 6j, h^, ;...are arranged in ascending order, 

and are positive for the same reason that a, 6, ... are positive. 

If we write 2 A instead of h in (a) it becomes 

/(a? + 2A) ^f{x) +/(a;)2-A"+/»2»A» + 

And if we write d7 + A instead of co in (a) it becomes 
f\{co + A) + 6} =/(«' + A) +/(» + A)*" +/'(^ + *)A* + ... 

+ 

=/(^) + a/Ca') A" + 2/'(*) A' + 



Equating the coefficients of h' in the expansions of the 
identical expressions /(* + 2A) and /{(^ + A) + A|, we obtain 

f{w)^ = 2/(a?), .•• 2* = 2, .-.0 = 1; 
.-. f(a, + A) =y)[a7) +/(*)A +/V)A» + 03). 

It will be seen hereafter that cases may occur in which the 
expansion of /(a? + ^), in the form given above, becomes im- 
possible when X has a particular value. 

3. The coefficient of h in the expansion of /(<r + h) is 
called ^^the differential coefficient of /(.r) with respect to .r,^ 
and is denoted by the symbol rf,/(a?). The differential co- 
efficient of dgf(af)^ or the coefficient of h in the expansion of 
dgfi^ + h), is called the second differential coefficient of /(a?), 
and is denoted by the symbol dlf(w), and so on. 

Using this notation, equation (j3) may be written thus 

f(a> + h) =f{x) + dj{w)h +f(a,)h'' + 

The quantity a?, which /(<») contains, or depends upon, is 
termed the independant variable. 

4. d,f(a>) = { [f(a> + h) -fiw)] - h \ ».„ 

{ [/(^ + ^) "fi^)] "?■ ^ } A=o denoting the value 
of {f(h + h) —fipo) I -r ^ when h is indefinitely diminished. 

f{w + h) =/(a?) + dj{x)h ^f\x)h' + ... (S); 

and since 6-1, ...are all positive, A* "*,... vanish when h vanishes, 
therefore 

6. Let y be a function of a?, and u a function of y ; then 

d,u^ dyUd^y. 



When CO becomes a^ •{• h, y will become 

y + d^yh + .-.(3) = y + A;, if d^yh + ... = k. 

In like manner when y becomes y + A;, w will become 
u + dyZ^A; + ... = w + dyW (d,y^ + ••.) + ••• 

And d^w = coefficient of h in the preceding expansion of 
the new value of w = d^u d^y. 

If u = Off, dgU = dgX = coefficient ofAina? + A=l; 

.-. 1 = dywdgy, 

6. dg (au + c) = adgU, u being a function of w, and a 
and c quantities independant of w. 

When w becomes w + h, u becomes u + dgUh + ... {3)^ 
/. au + c becomes o (w + d^uh +...)+ c, and dg (au + c) 
= coefficient of h in the expansion of the new value of au + c 
= adgU* 

Hence d,c = 0, when c does not contain a?. 

When w becomes a? + A, Wj, «^2> ••• ^n become 

«*i + d*t^iA + •.., U2'\-dgU2h+ .,., z^a4- dgUnh'\- ... 

respectively, .•. U1 + U2+ ... + a^ becomes 

U1 + U2 + ... t«„ + (dgUi + dj,z^2 4- ... 4. dj,w„) A + .-., 

and d, (z^i + 1^ + ... + «^„) = coefficient of A in the new value of 

U1 + U2+ ... +w„ 

= d,Wi + dgU2+ dgUg, 

8. d, (z^v) = udgV + vdu. 

When a? becomes (v-^ h, u and « become 

u + dguh + ... and v + d,vA 4- ..., 



/. uv becomes (u + d^uh + ...) (v + d^vh + ...) 
= t*t) + (udgV + vdgu) h + ..., 
and dg {uv) = coefficient of h in the new value of ww 

Dividing both sides by wv, we obtain 

— dAuvi)^ -dgU+ -dgV. 
uv u V 



9. dJuiU2...u^)=—dgUi+'-dgU2+...-^ —dgU^. 

Uitl2...U^ Ui U2 u^ 

dg (U1U2) = — dgUi + — d,u^ (8). 



U1U2 Ui U2 

dgiuxUiU^ = dg{u^u^ + — d,W3 

Z^ltfgt^ UxU^ u^ 



d«(wi...z^»_i)=: d,(z^i...w«_2) + 4w._, 






t^i...t^» «*i-.-t*fi-i ^ 



n 



Adding up, and observing that every term, except the last, 
on the left hand side of the equation is destroyed by an equal 
term on the right, we obtain 

dg{uxU2^..ui) = —dgUi + — d,W8 + ••• + —dgU^. 



UiU2...U^ Ui U2 ^n 

10. dgU* = nu*~^ dgU. 
First, let n be a positive whole number, 
und in (9) let u^ = u^-i = ... = W2 = «^i = w? •*. u^u^... w« = w% 

and — dgUy + — d^w^ + ... + — d^u^ = - d,w, 
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1 u 

w" n 

Next, let » = J, r and « being integers, 

r 

and let w»^ = t?, .*. v* = t^% .*. «v*"^dj,v = rw''"^d,z^, 
d,w» s yw''-^ (e^»)"^'"^^d,z^= jw» d,z^. 

Lastly, let w = — w, a negative quantity, and let 
t^-"»=atj, .-. e^"v = i, ,-. w"»d,v + tjww"*"^d,w = 0, (6), (9), 

.-. d,«^"*" = ^me^"*"^d,w = - ww"*""^d,t«. 

Therefore, d^z^" = wz^""^ d^w in every case. 

Hence d^^^iu) = — ^tt-tj and d^- = -~V. 

11. If in (10) we make w = a?, d,<r* = w<r*"^ d^x = wa?"""^ 

This may be proved independently by the following 
process, which is taken with slight alterations from *^ Swin- 
burne's and Tylecote's true Development of the Binomial 
Theorem.*" 

When n is a positive whole number 

(1 -f jg) ■ 1 ^ ^ + ... + (1 + ^)2 + 1 + 5. + 1 ; 

(l+^)-l 

.-. (i+»)«=si+ijf{(n.ijf)»-i + (i+sf)»-« + .. #+0+^)^+1 + ^+1} 

Similarly the first term of each of the n quantities 

(1 + zy'\ (1 + %)-"% ... (1 + x)\ (1 + z), 1, 

is 1 ; every other term is multiplied by some power of % ; 

.*. (1 + ^)" = 1 + » {w + terms involving ^, «^, ... } . 
= 1 + w« + terms involving t!?^ %^j ... 



When n = - wi, a negative whole number, 

.-. (1 + «)-" = 1 - ;if {(1 + x)'^ + (1 + i!f)— +^ + ... + (1 +;if)-'} 

= 1 — X [m + terms involving Xj »*,...} 
■si- mx - terms involving «*, ss^j^.. 

When n a y , a positive or negative fraction, r and s 
being whole numbers, let 

r 

(i +xy* = 1 + jijf + ... 

.-. (1 +xy^(i + j%+ ...y, 

.'. 1 +r;8f+ ... = 1 +«(Jijf +...) + ... 

r 

.-. -4 = 7> ••• (! + »)' = 1 +j«+ ... 

Hence, in every case, 

(1 + «)* = 1 + w« + terms in »*, jir',... 



h f hy h 



And dgOB^^ coefficient of A in the expansion of (<r+ A)* = wa7*""'. 
13. To find the successive differential coefficients of af^. 

d\d^ = d^naf'^ = w (w - 1) 0?*"^ 

• • • 

d^cd" = d,n{n - 1) a?*-* = w (w - 1) (w - 2) a?"-^ 
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cf^a?"= w (« - 1) (w - 2) ...(n - m) a?"-^ 



dja?" = w (w - 1) (w - 2).. .3. 2.1. 
13. To expand (l + wy in a series of ascending powers 

of Of. 

It appears from (11) that we may assume 
(1 + ^)" = 1 + »a^ + Ba^ + Cw'' + Daf^ + ... + Qa?« + jRa?^ + .•• 
where 6, c, d, ... gr, r, ... are arranged in ascending order. 

Differentiating with respect to a?, we get 

»(l+a?)"-^=w+6J?a?*-^+cCa?^-^+d2><a?*-*+...+gQa?^-^+rjRa?'-^+ 

Multiplying by (l -h w) 
w(l+a?)»=w+6Ba?^-^+cCa?'-^+d2>a?^-^+...+gQ^«-^+rjRa?'-^+ 

+ noff -\-hBx^ -\'CCaf + ^t-qQ^i/^ + 

But 

w(l+.»)"=?H- w^o? -\-nBaf' ■\-nCaP +..... +wQa?' + 

Therefore, equating the terms of these two expansions of 
n(l -\- ojy taken in order, 

^ n^ -n w - 1 
6-1 = 1, 5 = = n ; 

2 2 

^ ^W -2 ?l-l7l-2 

c-l=2, C-B =w ; 

3 2 3 



_ ^^-3 W-1W-2W-3 
d-l = 3, D^C = n 



^ ^n-r+1 w-1 w-2 n-r+^ 

^ r 2 3 r 
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n — 1 n — l?i — 2 

.'. (l + .!?)• = 1 + nj? + n a^ + n a^+.m. 

^ 2 2 3 

n-ln-2 »-r+l 
+n 5?'+ 

2 3 r 



14. To find the successive differential coefficients of uv, 
d, (uv) = udgV + dgU • w. 
dl (uv) = ttd^t? + 2dgUdgV + d^w . v. 
dl (uv) = ttd^^? + SdgUdlv + 3df «d,t> + d^tt . v. 



The coefficients and number of difi^erentiations of u, v, in 
dl(uv)j dl(uv), are the same respectively as the coefficients 
and indices of Uj Vj in (v + w)*, (v + «)'. Let us endeavour to 
find whether this law holds generally. If 

d;(««)= + w ... dr^-'udr^"^'v 

w - 1 » - r + 1 _^ 

+ n ... dud^ «+... 

2 r ' ' 

«j.i , V n-1 ^-^ + 2,, ^,., 

+ w ... a,ua^ v+,.. 

2 r ' ' 



therefore, if the law is true for d^(wt?), it is true for dl'^^(uv). 
But it is true for dl(uv) and dl(uv)^ therefore it is true for 
dl(uv), dl(uv)y...dl(uv),... 

B 
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15. d, |- j = — (vdjgU - udgV), 



u 
Let — = w, .*.€* = wvj 

V 



.-. d* (-) = -^(vdgU-udjfV). 



u v u 1 1 

Dividing by — , - d, — = - d,u — d,t?. 



lb. dg 

= — o,«i H a,«2 + ••• + — tf^^ffl 

- f— d,v, + — d,tJ, + ... + — d,t?.) . 

Let te, Us ... Um — ^9 ^1 ^8 ••• ^11 == ^9 



- d, - = - d^tt — d,tJ (14), 

u V u V 



U Ui t^ Um 

-d,tJ = — d,«i + — d,V2 + -•• + — o*^iij (9) 



t>lt>2-.«>« , UiUi...U^ 1 1 1 

Ug = — O^pWi H »,tt2 + ••• + ' — »»w„. 

Uitt2*«.UM Vit?2.*.t?n t^l ^ ^m 

- ( — d,«j + — d,V2 + ••• + — d,v« J • 



n 

17. d,o' = Aa', 



where J=:^ + i(^)%i(fl^y + 



-A . ^ tv -* 



-e)"-(-^r- 



1 + A- + A 

a 2 



(arranging the series according to powers of h) 

and dj^a' « coefficient of A in the expansion of a*"^^ = ^a\ 



18. To obtain a series for A^ which may be made to con- 
verge rapidly in every case. 

-L JL 

a* = (a«")*"* = c* (if c = o2", and A? = 2»A) 

= 1 + {(1 -c-') +i(i -O' + iO -c"T + ... } ^+ ... (17) 

L I. L 

= 1+ {(1 -a"^) + ^(l -a"^)* + ^(l -a"^)'+ ... }2»A+ ... 

Ill 
.-. ^^ooeff^of A=2"{(l-o"«-) + 4(l-o"^)*+^(l-o"2")'+...} 

n^ is obtained by extracting the square root of a n times suc- 

\_ 
cessively ; and by increasing n we may make 1 - « 2« as small^ 

and therefore the series as convergent, as we please. 



12 

19. To expand a' in a series of ascending powers of x, 

a'^ 1 ^\•Aw'^'B(J^^-C(J^^■,.. (i6), 

differentiating with respect to Xy we get 

Ja'= J+2B^ + 3Ca?* + ...But 
Aa* ^ A -\- J?x + ABo^ -h ... 

Therefore, equating the coefficients of like powers of a?, we ob* 
tain 

^ A^ ^ AB A' 

B = . C = = • &c. = &c. 

1.2 3 1.2.3 

.-. a'=l+-4<r + — — + + 

1 .2 1 .2.3 

20. Log^a?, "the logarithm of x to the base a^ is a 
quantity that satisfies the equation o^****= x. 

Let E be the same function of e that A is of a, and let 
JB = l; 

.-. e = l + l+ + + =2.71828182846... 

1.2 1.2.3 

But a- =1 + 1-1- + +...; 

1 .2 1.2.3 

.-. € = a"*, .'. €"*=« = €^**i% .-. A = log, a. 

And €*= 1 +0?+ + + 

1.2 1.2.3 



• • ^ 



Since £ = 1, d,e*= £e'= e*. 
Also d, a* = i< a* = (log^ a) a*. 
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This might have been deduced at once from (17). For, 
a'= (e'°««y = e^''-'=^, if y = log, o.-r. 
dfa*= d,e*= dy^d„y= ^d^y= log, a. a*. 

21. To find the successive differential coefficients of a'. 

d,a*= (log, a) a'. 
d>'=(log,a)»a'. 
dla'^(\og,afa'. 



<^a'=(log.a)"a'. 
Hence <fje'= e'. 

22. d,log,j?« . 

If y = loga^j €fi ^x^ .-. d^^y = d,a?, 

d,oy = dya^dgf) = loge a.a^d^y = log^ o.a?d,log^ a?, 

and d,^=l, .•. d,log^«r = 



Iog,a,a? 
d,log^a? = -. 

23. To find the successive differential coefficients of 
loga^. 

dllog^^ = - Gog. «)"' • ^"^• 



d'log^a7= 1.2.(log.a)-^ 



a?-^ 



d;;iog^a? = -l.2.3 (n-l)(-l)»Oog««)"*^ 

d21og^a?=-1.2.3 (n-l)(-l)".i?-". 



-« 
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24. d.tt* = tt* (a: — - log^ud^) 

u 

d,l(^i^ = zd,log^u -^log^udgZj or 

d,»' d^u 

= z + \og^ud^zi 

u' u 

dgU 

.-. d,tt* = u*{z H log^wd,*). 

u 

In the same manner we may differentiate t^ and similar 
exponential functions. 

25. To expand lc^^(l+x) in a series of ascending powars 
of «r. 

Since log^ 1=0, the series must vanish when «r = 0, .*. a 
positive power of x enters every term of it as a multiplier. 
Consequently we may assume 

log«(l + ^) = Aaf + Ba}" + Co?" + Daf^ + ... 

where a, 6, c, d, ...are arranged in ascending order. 

Differentiate, and we get 
1 



1 +/r 



= aAocf''^ + hBa/*'^ + cCaf^'^ + d2>^-^+ ... 



1 

But = 1 -a?+a?^-^+ ... 

1 +^ 

Therefore, equating the terms taken in order, 

a-l=0, ^ = 1; 6-1=1, 5=-l; c-l = 2, C=^; 

d-l=3, 1> = -:|^; &c. = &c.; 

, , ^ a? 0^ w^ 

.-. log,(l+a?) = a?- — + J-J+... 

This series is not sufficiently convergent to be employed in 
the calculation of logarithms, except when a? is a small fraction. 
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26. To express log, (l + or) in a converging series. 
log.(l+«r)= «.--+_--+__... 

, , ^ it? S^ fl^ Z^ 

'^ ^ 2 3 4 5 



1 +» 
log, ~ = log, ( 1 + «) - log, ( 1 - «) ; 

1 — iJT 

■'• *°«« \ Z = 2 (« + T + T + — )• (a) 

.-. writing instead of z in (a), 

,^.(,.„.,|-^..(^)'..(_^)V...|. (^ 

Write — instead of x in (/3), observing that 

l<>g« ( 1 + r) = ^*^- = ''og, (w + 1) - log,tt, 

and we get 

27. Logarithms having e for their base are called Na- 
pierian, from the name of Napier their inventor. Logarithms 
having any other base are deduced from the Napierian loga- 
rithms by means of the formula log^a.Iog^^s Iog,ar, which 
may be investigated as follows: 

e'*«.' = a?=:a'^«'=:(6*^."y^.'=n6*^.'''*«.'; ,-. log,a? = log,a.log^a?. 

(log,a)~' is called the modulus of the system whose base is a. 
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The base of the system of logarithms commonly used is 10. 

log^ 10 = 2,302585093. log^ (log^ 10) = 0.3622156887. 
log^ 0? = (logg 10). logio ^^ = (2,302585093) logio ^• 
logio/C = (log^ 10)-^ log^«» - (0,4342944819) log^a?. 

^^ /sin ^\ 
28. =1. 

V OB y^o 

sin.»>47, and tan a? > a? as long as a?<^7r; 

sin^r sin 07 sin a? sino? 

.*. 1=-: — > , cosa? = ^< ; 

sin<r 3B tSLiiCB OS 

sin 07 



lies between 1 and cos<r. 



X 



^ r ^ /sintt?\ 
But (coso?)^^o= 1, .'. 1 = 1- 

29* 1* dg sin w = cos <r. 

sin (o7 + A) = sin w cos h + cos «r sin h 

sin (o? + ^) — sin «» sin A . 1 - cos h 
= cos a? — sm w ^ 



h 



smh . 2(sm-iA)^ 

= coso?— sma? , 

h h 



{sin (x -\-K) " sin ai\ f sin h\ , {9, (sin \hY\ 



'A=0 
= COS 0?. 



fsinAl r2(siniA)^l f. , TsinlAl , ^ 

. _ _ . f sin (o? + A) - sin x\ 
And d^ sm oc = I > = cos oc. 
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2. dj, cos 0? = — sin a?. 

(cos J?)* = 1 - (sin a?)*, 
.-. 2cosd?d«co8;v = — Ssinj^d^sino^s — SsinorcosiV, 

.*. d^cos 0? s — sin w. 

3. d, ver sin a? = d,(l - cos a?) = sin a?. 

^ 4. d;y tan Of == (secant jr)^. 

_ _ sin w If _. ,- ixv 

a^tan^ o= a, = - -r jcosa?a,sina? -sintra^yCos^^ (15), 

cos a? (cos a?)* * ' 

\ (cos a?)* + (sin a?)* } = — = (secant /»)*. 



(cob a?)* * * (cos J?) 

5. d, cotan a? = — (cosec a?)*. 

cosa? 1 , , , -. 

djgCotanw = d,-: = 7-: — -r {sina^d^cosa? — cos<rd,sina?J 

sin a? (sm.i?)* ^ ' 

= -7-: — -r Ksina?)» + (cosivyi = -77-: — ri = - (cosec a?)*, 
(sm wy^ \ ^ ^ (sin aiy 

6. dg secant x = tan w secant x. 

, _ 1 d^cos/r sinji7 

d, secant w = d, = — — = -r r-r = tan x secant a?. 

cos X (cos xy (cos a?) 

7. d^ cosec 07 B — cotan ar cosec x, 

. ,1 d^sina? cosa^ 

o, cosec a? = d,— — = — -7^-; — — = —7-: — 7;:= — cotan a? cosec a?. 

sm a? (sm xy (sm a?)* 

30. 1. d.sin"*a? = 



Let af = sin""'a?, .•. sin« = a?, .•. cos»d,«= 1, 



and cos ^ = \/(} - sin z |^ = ^(l - a^) ; 
.*. v^(l -a^)d, sin"' a? = 1; /. djsin~'a?g .. ^ ,^ 
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J 1 1 

2. a^co8~*/r = - 



Let ss =s cos'^of, .*. coBZ = ^p, .•. — sin«d,« « i, 



and sin x = ^y/Cl - cos xf) = \/(l — ^) ; 

1 



.*. - >^(l -a^)d,cos''^a?= 1 ; .*. d,cos'"^<r = - 



3. d-versin~^a? = — — r-. 

Let X = ver sin"* a?, .'. ver mix ^ w^ .\ sin xd^x =1, 



and sin » = ^(l — cos » |^) = \/(l — 1 — ver sin x f) 



= V^(l - 1 - wf) = v^(2 0? - a;^ ; 

.-. ^(20? — a^)d,versin"*a?= 1; .*. d,versin"'a? = — ^===. 

V 2a? — «* 

4. d-tan"^a? = -, 

Let X = tan"* a?, .*. tan jjr = a?, .-. (seci8?)^d,» = 1, 
and (sec xf = 1 + (tan ^)^ = l + a?^; .\ (l + af^) d,tan"*a7 = 1 ; 

1 



.-. d^tan"*a? = 



5. d^cotan"*<!i7 = — 



1 +ip^ 
1 



Let ;ir = cotan"*a?, .*. cotanar = «r, .*. — (cosec»)^d,af = 1, 
and (cosec «)^ = 1 + (cotan ar)^ = 1 + a;^; 

.*. - (l + iJ?^)d^cotan"*a? = 1; .*. dj, cotan "^r = -. 

1 + or 
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6. d^sec"^j?=s 



Let »sasec"*a?, .-. 8ec;2rs<r, .'. taniarsec jzrdn^sl, and 



tan z e /^/(sec^l* - 1) = \/(a?* - 1) ; 



.'. d-sec"^ 07 = 



^>v/(a^-l)* 



7. d. cosec"* J? =s — 



Let « = cosec"* .r, .-. cosec » = ^, 

.-. -cotaniv cosec ivd^i^s 1, 



and cotan z^ ^ ( co8ec»|* - 1) « y^(«* - l) ; 

.-. - X y/(^ - 1) d, cosec"* a? = 1 ; 

-I 
.*. d, cosec"* or = - 



afy/{a^^iy 



w 1 

3L If M = — , d,t* = — , 

a a 



and d,/ ( - ) = d,/(u) = d^(tt) d,« « - ^/«' 



Consequently 

. 07 _ 1 0? 

a a 



dfSin— = — cos — . 



» 1 . « 

d, cos — =s sin — . 

a a a 

W 1 . tP 

d, ver sin — = — sin - . 



» 



% t 



a a\ al 

jr I f jtY 

a,Po(bm— s Icofec — I . 

a a \ mf 



X 1 XX 

d,9ec^ ^ — tan — fee — 
a a a a 



4, ootee — = 



a, fm — = 



X 1 



rf, ver «n~* — = 



1 



a ^(^a» — 9f) 



.X a 

d, tan-* - 



a cf •\-af 



SB a 

d,cotan"*- = — 



a cf -^-sf 



d^ fiecT^ — = 



a wy/ia^ — tf)' 



dg cosec * — = — 



32. To find the successive differential coefficients of sin ^ 
and cos ^. 

dg sin a s cos w. 

d! sin 07 s= - sin w. 
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d^ sin 07 s — cos x, 
d! sin 07 s sin w. 



^^ sin X = 


sin 07. 


dt*+'8ina? = 


cos 07. 


di*-^* sin 07 = 


— sin 07. 



dj*"*"' sin 07 = — cos w, 
d. cos 07 = — sin o?. 

d? cos 07 = — cos 07. 

d\ COS 07 s sin 07. 
dt cos 07 s COS a. 



• • a • • • ^ • 

d^^ cos 07 =» 


COS 07. 


df"*^^ cos 07 ~ 


- sin 07. 


df -^^ COS 07 = 


- COS X. 


d*""*^* COS 0? = 


sin 07. 



33. To expand cos 07^ sin x in ascending powers of x. 

Cos (—07) « cos 07, therefore the expansion of cos % contains 
none but even powers of x. Also {cos ^}^o = ^> therefore the 
first term of the series = 1< Consequently we may assume 

cos 07= 1 + a^a^ + a^o?* + O607'h- ©8^+ ••• 

DifPerentiate, and we get 

— sin 07 = ^a^x + 40407^ + Ga^ofi + 809077 + ... 

Differentiate again, and we get 

— cos 07 a 20j + 4.3. 0407^ + 6.5. Oe^* + 8.7.08^^+ ••• 



Therefore, equating the coefficients of like powers of « in 
the two expansions of cos Wj 

11 Oa 1 

do = — = y ^\ — = > 

2 1.2 3.4 1.2.8.4 

O4 1 00 

5.6 1.2.3.4.5.6 

.-. cos iT = 1 + + ... 

1.2 1.2.3.4 1.2.3.4.5.6 

sinjff = af + — -4- ... 

1.2.3 1.2.3.4.5 1.2.3.4.5.6.7 



^ / — aP ^V-1 J^ 



+ 



1.2 1.2.3 1.2.3.4 



1.2.3.4.5 1.2.3.4.5.6 

^ . — «r* ^\/-l a?* 

€-*'^ = l -a?\/-l + + 



1.2 1.2.3 1.2.3.4 



1.2.3.4.5 1.2.3.4.5.6 

••• iic^^ + e-*^} 

=s 1 -I + ... = cos w. 

1.2 1.2.3.4 1.2.3.4.5.6 

gyCTi^ ^ 1.2.3 1.2.3.4.5 

i. e. the expansion of ^ {e^'^^ + €~*^^} is identical with that 

of cos /r, and the expansion of — 7=^ Je*^^ - 6"*^^J with 

2\/-l 

that of sin w. 

sino? 1 €*V=i-€-*V=i 1 g2xV=i _ j 



tan 07 = 



cos 07 



y/^l €*'^ + €-^^-A V^-1 6*'^^+r 
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34. To expand sin'* a? in a series of ascending powers of 
Xy sin~^ X being less than a right angle. 

Since {sin"* a^j^^sO, every term of the expansion of 
sin"* X is multiplied by a positive power of w. We may there- 
fore assume 

sin-* w = AoT + Bo^ + Caf" + Dw"^ + ... 

therefore, differentiating with respect to w^ 
1 



-v/O-^) 



aAaf'^ + hBd'^ + cCaf'^ + dDx^'^ + ... 



T> 1 1 • 1-5 ^ 1.3.5 . 

V^(l-^) 2 2.4 2.4.6 

therefore, equating the terms taken in order, 

X, 1 1 ^ 1-51 
a-l=0, A-l\ 6-1=2, B = --; c-l = 4, C= ; 

2 3 2.45 

a- 1=0, Xiss :t-;-.. 

2.4.6 7 



1^ l.S^p* 1.3.5 a?' 
2 T "*'2T4 7 "^2.4.6 7 



.'. sin"* w — w -{■ -h 1- ;: V ... 



35. To expand tan"* a? in a series of ascending powers of 
a J tan"* w being less than a right angle. 

Since {tan"*dr|^^j,=r 0, every term of the expansion of 
tan"* w is multiplied by a positive power of w. We may 
therefore assume 

tan"* w = Aaf + Bx^ + Cx' + Da^ + ... 

therefore, differentiating with respect to j?, 

» 

1 + ar 



3nr 



^^^r^^^... 



^ - : « 1, A 



^^-: ^i, 4==-^; • — 1 



-^ C = -: 



4- t**! jft** : 



tSSWT ■ W^ 9 



\ 






att.tif^^.^4 



(ff & 



ua.1. *:^ :<t 



fen* m-»M 



^ (itinMmtmmjt) -7- radios ==^ taa'^ i. 

4 



^ I J J 

4 ^ 5 7 



\1.3 5.7 / 



^*<i^. 



MTM^ cmtterge^ too dowlj to be employed god- 
fMfU^iy in mieuUimg the ralae of «-. Eoler tramsfcHined 
k ifiiip A ffff^Dr cfntrerffng series bj means of the equation 
im'^ i « imt'* ^ -f tan'* ^, which gives 

* » > . 



1 1 ] 



i /i.3^ 5./^* 7.3' 



+ ... 
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And Machin transformed it into one still more highly con- 
vergent in the following manner : 

tan"* 1 = 4 tan-* - - tan""* — ; 

5 239 



/I ^2_ ^ ^ 



M ^r • • • 

' + ... 



\239 



239 3.(239)' 5.(239)* 7.(239)^ 

In this way it is found that 

w = 3,141592653589793, &c. 



D 



SECTION II 



EXPANSION. 



37. dj{x + A) = dj{w + h) : 

where /(a? + h) denotes any function of j? + A, and w and h are 
independent of each other. 

Let «r = J? + A, .'. dgZ^\y dj^z^l. 

dj{%) = rf,/(^) d^%^ dj{z). 



So also 






38. Taylor's Theorem. To expand f(w + A) in a series 
of ascending powers of h ; f(w + h) being the same function of 
^ + A, that /(a?) is of a?. 

It appears from (2) that we may assume 

f(w + h) =/(a?) + JA + BA*^ + Ch' + DA* + ... 

where Aj B, C, ... do not contain A, and 6, c, ... are arranged in 
ascending order. 
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d*/(^ + A) « J + 6fiA*-» + cCh'-' + dDA"-^ + ... 
d»f((B + A) « rf,/(ap) + d, JA + d^Bh^ + d,CA* + ... 

But dj^f(w + A) = dgf(x + A) (37) ; therefore, equating the 
terms taken in order, 

bBh''-^=^d,Ah, .-. 6 = 2, fi = ^d,J = — <^/(.i7). 
cCA'-> = d. fiA», .-.0 = 3, C = J d, S = — —^J{w). 
dDA*-' = d, Ch', .-. d = 4, Z) = | d. C = ^ t^/W- 



•• /(* + h) 'f(a!)+d,f(w) - +d'J(w)--+tPj(w)--— + ... 

1 i ,X L,X ,0 

This series may be exhibited in an abbreviated form ana- 
lagous to the exponential expressions for sin ^ and cos of in {33). 
For, if we expand €**** by (20), treating d^ as a symbol of quan- 
tity, the powers of A and their divisors are identical in the two 
series, and the powers of d, in one series are the same as the 
number of differentiations in the other. Hence the theorem 
may be written in the following manner 

/(^ + A) = 6*''-/(a?). 

39. Maclaurin's Theorem. To expand /(j?) in a series 
of ascending powers of a. 

In (38) let a?-0, denoting by/^o(^), d^^J{ai), Co/(^)v. 
the values of /(a?), dgf(ae)^ ^/(«^)> ... when A = 0, and we get 

/(A) =/^(*) + d^f(a,)h + C/W-;^ + '^^o/C*) Y^ + 

therefore, writing w instead of A, 
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This theorem may also be deduced in the following man- 
ner ; taking for granted the possibility of expanding f{w) in a 
series of positive integral powers of w, 

Let/(a?) = Oo + «i^+ «2^+ 08^+... 

^*/(^)= ^ag +3.2.030?+... 

c^/(«»)= 3.2.03 + .-. 



Make <r = 0, and we get 
^•- /W =/,=o(^) + ^^0/(^)^ + ^0/(^)7-^ +^=o/(^)7VT+ - 

1 .Z 1 .2.3 

40. Cases in which Taylor's Theorem fails. 

\if{w) or any of its differential coefficients become infinite 
when w takes a particular value o, it is manifest that the true 
expansion of /(a? + A), when a? = a, cannot be obtained by Tay- 
lor's Theorem. 

As instances we may take J sec (^ + A) | ,r ; for sec — = 00 : 

and {(a?+^-a)'*'"*'}^, for d2"''(^-o)'*^^ involves (a?-a)"^'"''), 
which, r being less than «, becomes infinite when w^a. 

In these cases the true expansion of /(o + A) is found to 
contain negative or fractional powers of A. Thus, secant (^tt+A) 

= — cosecA = — (sin A)-^ = - (A 1- . .)"^ = — A" ■ — • > '■, + .. 



1.2.3 ' 1.2.3 



»+T 1.W + T 



And (a + A-a)"'=A"^'. 
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In order to prove generally that some of the quantities 
/r=o(^)> ^jnuifi^) ...are infinite, or that Taylor^'s theorem fails, 
when the true expansion of f(a + h) involves negative or 
fractional powers of A, let 

/(o + A)- +JVA-+ Sh^-\- 

where ... n, ... o-, ... are arranged in ascending order, and o-, the 
lowest fractional exponent, lies between « - 1 and 8. 

drj{w^h)^aif{x + h) (37), '.d;^^f(w + h)^d:f(a+h). 

and/,^(a? + A)= ... -|-JVA*+... +Sh*'+ ... 



rf,*„/(a? + A) = »(»-l).3.2.lJV+.+<r(<r-l).(<r-»+l)*S'A'~'' + . 



dJ=af(^ + ^)= +(7((7-l)..((r-5+l)*S'A<'-'+.. 

From which we obtain the values of /^^^(a?), d^^^f{x)y... 
dJLa f(^h '"^y making A = 0. 

All the terms that follow N in the expression for d^^^f{x-\-K) 
vanish when A vanishes, 

.-. dJL^fix) = » (n - 1) ... 3 . 2 . 1 . JV. 

Hence, the coefficient of A*, and therefore that of every 
power of A, less than A^, is correctly determined by the 
Theorem. 

Also, since, o- - « is negative, A*^"' becomes infinite when 
A = 0, 

•• d,L,f(a^) = CO . 

And all the following differential cofficients contain negative 
powers of A, and are therefore infinite when A = 0. 
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When the expansion of f{a -i- A) contains a negative power 

of A, d^fia + h)^ dlf{a + h),.,. must each contain a 

negative power of A, which becomes infinite when A « o, and 
therefore f^^(af), d^^f(ai), dJLaf{^)j ... are all infinite. 

Hence also, if d^f(jv) is the first differential coefficient 
that becomes infinite, the true expansion of /(a^ + A)^^^ contains 
a fractional power of A, the exponent of which lies between 
« — 1 and 8, And, if /(^)^a = oo , the true expansion of 
f{pB-\-h)^^ contains a negative power of h. 

When any of the quantities f{x)^^^y d^^f(af)i ... become 
infinite we must expand fifi-^-h) by the common algebraic 
methods. 

Maclaurin^s series is deduced from Taylor's by making 
iT = in the expansion of f{w + A), and therefore fails when 
any of the quantities fijxi)^^^ ^x^ofi^)^ ••• hecome infinite. 

41. The following investigation of Taylor'^s Theorem 
possesses the advantage of exhibiting the difference between 
/(a? + h) and the first n + 1 terms of its expansion. 

Let f(ai) be any function of w, and f(%) the same function 
o{ z; and let P= {f(x) -f(^)\ -f-(^-/r), therefore 

=d,f(a!)+d,P(z-m)-P. (l) 

=dlf(w) + dlPiz-w)-^d,P. (2) 

^dlf(a>) + dlP(z-w)-3dlP. (3) 



=d'Ji<») + dlP(!>!-w)-ndr^-'P. («) 

(z -x) (z- x)" 



Multiplying (l), (2), (3), (n) by 



IT' l£ ' 



{x-o!) i^ ^) ^ respectively, where |j_, [2, [3,..[n, denote 
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the products of the natural numbers, 1, 1.2, 1.2.3,...l.S.d...n, 
respectively, and adding, we obtain 



If z —X ^h^ this becomes 

/(.+»)-/(.)+<j./(.)i+.?/(.)^+<e/(.)^+... 

42. In the series ao + «^i^ + «2^+ ••• + «,^+ ... 

any term a«n* may be made greater than the sum of all that 
foUow by diminishing w. 

The most unfavourable case is when all the terms are 
positive, their number infinite, and each coefficient equal to the 
greatest. In this case, if the greatest coefficient » Ap, the sum 
of all the terms that follow = a^Apo^-f- (l -«) ; and by di- 
minishing Wy Ap^-r (l -^) may be made as small as we please, 
and therefore less than a«, Theref(^ a^af^ may be made 
greater than ^v"Ap^-r-(l-^), and, consequently, greater than 
the sum of all the terms that follow in every case. 

When one of the terms following a^af^ contains a power of 

»y the exponent of which is the fraction j , write xr* instead of 

CO. The exponents of % are integers, therefore by the former 
case any term may be made greater than the sum of all that 
follow by diminishing z, 

*3. {/(6)-/(«)} -r-(6-a) and d,/(a?) have the same 
sign as long as x lies between a and 6, provided the sign 
of dgf{ai) remains unaltered while w changes continuously 
from a to h. 
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Let b — a = nh, and 

/(a + A) -f(a) ^P,h 

m-f{a + in-l)h\ = P,hi 

••• /(b) -fia) = (P, + P, + ... + P.)A ; 

••• \m -/(«)} ^ (6 - a) = - (P, + P, + ... + P.). 

Hence, if Pi, Pz^'^^Pn^ have all the same sign, 

{m - f{a)\ ^ {b - a) 

will be positive or negative according as Pj, P25...P* are posi- 
tive or negative. 

Now Pi =/(a) '\-fXa)hfi-^ + ... (2), and by diminishing 
h the first term of this series may be made greater than the 
sum of all that follow (42), .-. Pj may be made to have the 
same sign as f(a) or d^^fijxi). In the same manner each of 
the quantities P^^.^.P^ may be made to have the same sign as 
the corresponding value of dgf{ai). Consequently, when the 
sign of dgf(w) remains imaltered while a^ changes continuously 
from a to 6, if we take n sufficiently large, Pj, P%i..»P^ will 
have each the same sign as dgf{ai)^ and .*. \f(h) — /(<3^)}-r- 
(6 — a) will be positive or negative according as dg,f{pD) is posi- 
tive or negative between the prescribed limits. 

44. To find the limits of the difference between f{x + h) 
and the first n-\-\ terms of its expansion by Taylor's series. 

Retaining the notation of (41), and writing n+1 instead 
of », we have 

••• = <^+'/(*)(«-«)'+<^'^'i*(«-^)"+' -(«+ i)d;p(«-.i')« 
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Let Ay B he the greatest and least values which d^^^fi'So) 
can take while <r changes from .Vi to x ; then, since 

one of the quantities 

A(%' wy + d,{dlP(z - <+>}, 

B(X'wy + d, {d;P(5f - <+>} 

can never be positive, and the other can never be negative, as 
long as Of lies between «r, and z. 

If F(iv)=-A^^-^^^^+drP(z''a:Y^\ 
F(z)^0; 

w + 1 
and d,P(a?) = J(«-a?)• + d,{c^P(«-a?)•}• 
Now, as long as <r lies between ^i and Zj the sign of 
dgF(w) will not change, provided the sign of d^"^^ f(^) be 
invariable; therefore, as long as w lies between Wi and Zy 
[F(z) - F(afi)\ -T- («-a?i) and dgF{ai) have the same sign 
(43); therefore 

^ (^-^^^^ P(«-a?0" and^(«-a?)»-|.d,{d;;P(»-j?)»+^} 
have the same sign. In like manner 

s^^Z^^d;;^^ p{z^x,y mA B(z-xY^d,{dr^p{z^aiy^'\ 

have the same sign. Therefore, one of the quantities 

^ d" P, d* P, 

n + 1 *='» ?i + 1 *='» 

can never be positive, and the other can never be negative ; 

A B 

or , are the limits of the value of d ", P. 

n + 1 » + 1 "^"^ 

E 
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Hence, if ij? - ,ri = A, d*^ P- — , the remainder after the 

first w 4- 1 terms of the expansion of /(a?, + h) (41), lies 
between A and B , or, between the greatest and 



w+ 1 



n + 1 



least values which the first of the neglected terms can assume 
while X changes from ooi to o^i + A, provided that term do not 
change its sign at the same time. 

46. j — dlf(x) is the coefiicient of h* in the expansion of 

f(x-^h) (41); if, therefore, we can by any means expand /(<r -♦-A) 
in a series of the form Wq + ^i A + ... + ^^«A" -h ... , we know that 
d]J/(a?) = [?i . w„, and thus obtain the n^ differential coefficient 

of /(a?) at once, instead of deducing it from f(w) by n succes- 
sive differentiations. 

46. Application of Taylor's theorem to functions of two 
independent variables. 

To expand /(^4-A, y-\-k) in a series of ascending powers 
of h and k ; /(a?, y) being any function of the independent 
quantities w and y, and /(<v + A, y + A;) the same function of 
^ + A and y + k. 
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j«d dMHy CKMMcquaid jt die dieoRm k ufgwirrf as in (S8) 
l^^ die ex])i«MJoii 

h k 
C0%. K Since d^^f(^99) is the coellicKBt of in 



die exftauiM of /{M-frkj^^k^ it foDom as in (45) diat if 
we can expand /(^-^hjf-^k) in a series of die form 

Com. iSt. V^xaeAj in die same manner it miglit be proved 
tbat the expansion of /(jr, + *,,*, + *,,...,». + *^^), where 
^i9^t9***^» are independent quantities, is represented by the 
expression 

46. Application of Maclaurin's theorem to functions of 
two variables. 

If in the expansion ot fiw^-h^y-^-k) we make d? = 0, y^O^ 
and afterwards write w instead of hy and y instead of ky we 
obtain 
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therefore, malring x = 0, f = 0» 

49. rf,{F(r)rf,r| =rf^fF(r)rf,r}; where r is any f^lIK^. 
tioD of the independent quantities x and Zj and /^(r) any func- 
tion of V. 

Let w be such a function of o that d,ir = F(r); thai 
dg^d^wdgV^ =idgdgW = dgd,w = d^\d^wd,v\i 

.'. d,{F(f>)d,r}=d,{F(r)d,r}. 

50. Lagrange^s Theorem. To expand u =/(y)9 where 
ymz^4f<p(y)9 9nd X and z are independent of each other, in a 
series of ascending powers of <r. 

y^z-i-wtpiy); 

.'. d,y = 0(y) + ^dj^ip(y)d,yy d,y = 1 + xdy(f^{y)d^y\ 

.-. d,y{l-a?dy0(y)} = 0(y), d,y |l - .rdy0(y)| = i; 

.-. d^y ^ (p(y)d,y. 

d^u = dyUd^y = <p(y)dyud^y = (f^{y)d^u. 

dlu « d,{0(y)d,t^} = d40(y)d,t.}(49) = d. {^GOl'drt*} 

d^t^ = d,d,{0(y)|'d,t^} = d,d, {0^'d,t^} = c^ {0^X«^}. 
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If d> = d;-'{0(y)]'d,«j 



Therefore, if the assumed value of dj^u be true for any 
value of riy it is also true for the next higher value of n. But 
it is true for d,w, d'w, c^w, therefore by successive inferences 
it is true for d*w. 

If we make a?=0 in the equation y=« + ^0(y), y» 0(y)> d,u 
become Xy (l>{x)j d^f{z)y respectively; therefore 



And tt=«*^ + d^o«|Y+^=o^U +---+^'=o^U + -"(^^)' 

CoR. If /(y) = y, /(«) = J«r, .-. d,f{%) = 1 ; and therefore 
Since 

and d,y= 1 + d,^(«) r^ +<^0(«) T [^ + ••• 

the law of the terms in the preceding theorems can be readily 
inferred from the expressions 

F 
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51. Laplace'*s Theorem. To expand u=^f(y)^ in a series 
of ascending powers of os ; where y = \|f | «r + *v(p(y) \ , and x and 
z are independent quantities. 

Let % + s}<p{y) = w, 

dzy\^'d^i^(^)^dy(l>(y)]=^d^ylf(w); 

.'. d^y=^(p(y)d,y. 
Whence, as in (50), we obtain 



If we make a? = in the equation y=^{5f + a?d)(y)|, y, 
<p(y)^u, d^u become ^{%),(p\y\fi%)],f{>\f{x)\, rf,/|^(^)j 
respectively. Therefore, by a process exactly like that in 
(50) we obtain 



+ d«{0[>/'W]?d,/[^W]}|+... 



Li 



of 






Since d,/(y)=d,/[>/.(sr)]+rf,|<^[>/,(iK)]d,/[^(;^)]| -^ + ... 



A' 

Li 

the law of the terms in Laplace'*s theorem may be inferred from 
the expression . 
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52. To differentiate /(y, ar), y and % being functions of a 
third quantity <r. 

When w becomes of + h^ y and z will become y + Sy^ and 
^-l-5i^» where 

Sy^d,y^ + d^y~+ ... 

1 '1.2 

Let /(y, af) = w ; then, if y and ar had been independent 
quantities, we should have had (46) 

f(y + 5y, i^ + 5;^) = u + d,J-^+ <^— + ... 

+ d,w — + a«a,w + ... 

1 -^ 11 

4- a.w 4- ... 

' 1 .2 

+ ... 

Now, in order that this expansion of f(y + 5y, x + 5iir) may 
be applicable in the present case, where y and z are functions 
of the same quantity cr, and, therefore, of each other, we must 
form the coefficients of Sy^ ^J2r,...by differentiating u as if no 
relation existed between y and %. Therefore, denoting the 
differential coefficients of u formed on this supposition, by 
d^y^Uy d^^yU^...^ and substituting the values of S^, Sx given 
above, we get 

h h^ 
fiy 4- dy, ^ + d%) = ?« + d^y^u . {d^y- dy—--^ ...) + ... 

1 1. ■ M 

4- ... 
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But 
fiy + ^y> ^ + ^^) = value of u when a? becomes a? + A 

= w + a.t*-- + a,«* H ... 

1 '1.2 

Therefore, equating the coefficients of h in these two ex- 
pansions, 

dffU = d^j^u.d^y + d^g^u.d:gZ, 

CoR, Similarly, if w = /(y^ , ^g > • • • »«) j where yi , ^2 > • • • y» 
are functions of ^^, 

d,w = d^y^)U.d:,yi + d^y^)U.d,y2 + ... + d^^^u.d^y^. 

53. Differentiation of implicit functions. 

Let /(a7,y) = be an equation between a? and y, in which 
y is considered as a function of ^^. Then, when w becomes 
tr + A, y will become y + ^, where 

» = »*y- + »*y + ... 

^1 '^1.2 

r . 

Now, if y had been independent of a?, we should have 
had (writing u for /(<r, y)) 

A A^ 

A; h k 

^ 1.2 

+ ... 

Therefore, denoting the differential coefficients of w, formed 
on the hypothesis that y is not a function of <r, by d^^ii^ ^(.y)W, ... 
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substituting the value of k given above, and observing that 
f{x + A, y + Ap) « 0, we get 

= tt + d(,jW-+d^;)W— -+ ... 

+d^« (d,jr- +«^jr— +..)+d«d(y,«Y(d,y Y +diy — +) + 

1 A A" 

+ -.. 

And since this series = 0, whatever be the value of A, the 
coefficients of h must be separately equal to 0; therefore . 



These equations are frequently termed the Ist, 2d,... 
derived equations of u = 0^ which is called the primitive 
equation. ''' '' 

• ; ! . ■ 

The second of the above equations might have been de- 
rived from the first in the same way that the first was derived 
from u = 0. In like manner by successive derivations the 
Sd, 4th,... derived equations may be formed. 

It appears from (52) that the 1st, 2d, ... derived equations 
of w = are identical with d^u = 0, d^w = 0, ... 

54. When n + 1 variables are connected by n equations, 
n of the variables become implicit functions of the remaining 
one. Let Wi = 0, W2 = 0, ...w„ = 0, be the equations between 
^i9 ^29*--^ii9 ^' And let t be considered the independent 
variable, and, therefore, iTi, /r2,.,.ir„ functions of t. 
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Since Wi = 0, Ui = 0,... w, = 0; ii(»i = 0, c2|t/^ = 0,...<f|fy. = 0; 
therefore (52) 



From which n equations the n quantities dtx^, dt^fty... may be 
determined. 



55. Differentiation of an implicit function of two variables. 

Let t«=0 be an equation between x^ y, z; then, considering 
.V and y as independent variables, z becomes a function of *r 
and y. 

dgU = rf(,)W + d^j^u.dgZ. 

dyU ^d^u -\' df^^u.dyZ, 



(52). 



But d^u = 0, dyU = ; 

.-. d^g^u + d^g^u.dj,z =^0, (a) 

d^y^ u + d^;,) u.dyZ^O. (j3) 

Differentiating (a) with respect to /p ; (a) with respect to 
y, or (/3) with respect to x; and (j3) with respect to y, we 
obtain 

^{x)d^y)U'\-d^^^d(g^u.dyZ+d^i^d^:^u,d,z+d^g^u.dj,zdyZ-\-d^g^u.d,dyZ^O, 
dll^^u + 2d^^d^^^u.dyZ + d^^^w. (dy^sf)^ + d^,,^. d^sf = 0. 

By differentiating the above equations with respect to «f 
or y, equations may be formed involving dj^, d^^dyZy ... And 
in the same manner may be obtained the differential coefficients 
of ^ of a superior order. 
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56. If we had m equatiofis Wi *= 0, w^ = 0, ... tl^ = 0, 
between w + w quantities a'i, .x'^ , . . . .i',„ , ^i, t^^,..t„, m of the 
quantities cr,, a?^,... might be considered as implicit functions 
of the n remaining quantities. Let each of the quantities 
tVi, 0^2 9" -^m ^ considered as an implicit function of ^i, t^^.^.t^. 
Therefore, differentiating each of the equations «^i=0, u^^O^,., 
tt^=0, with respect to each of the quantities ^,, ^^v^n* by the 
rule in (52), we get 

d^^)Ui + d(-rj)t^i . df^aoi + d^^^u^ . d^^o^g + ... = 0. 






From which mn equations the values of the mn differential 
coefficients df Wi, df x^^ ... d^ ^i, df x^^ ,». ^^y he found. 



. * 



57* Elimination of constants. 

Let u^O be an equation between .r and y^ in which y is 
considered as a function of x ; and let u contain a constant a. 
It appears that in particular cases differentiation causes a to 
disappear (6). When, however, this does not happen, or when 
a is found in dgU^ a may be eliminated between t^ = and its 
derived equation dgU = 0. The resulting equation expresses 
the value of d^y in terms of ,v and y, whatever be the value 
of a. 

When a is above the first degree in w, the equation which 
results from the elimination of a will contain higher powers 
than the first of d^y. 

In like manner two constants may be eliminated between 
w«=0, rf,w = 0, dluszO; three between tf = 0, d,t^ = 0, (P^u-O, 
dt^u = 0. And, generally, n between « == 0, d,, w = 0, , . . d" w = 0. 
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58. Elimination of functions. 

Let V be any function of a; and y; and, retaining the nota- 
tion of (57), let u contain t?*", where w is a fraction ; then d,u 
contains d,w"'=mtJ"* d,tJ . v", and may contain tj". Consequently 
the irrational function v^ may be eliminated between u — and 
djgU^O. If u contained a second irrational function uf, we 
might eliminate tJ*", «;" between u = Oj cf,w = 0, c^w = 0. And, 
generally, n irrational functions may be eliminated between 
t^ = 0, d,w = 0, ...(^« = 0. 

Let u contain a"; then d,u contains d^a'' = \ogg a. dj,v. a" 9 
and may contain a". Therefore a^ may be eliminated between 
w = and d,w = 0. 

Let u contain log^v ; then d,u contains v^^ and may con- 
tain log^w, therefore log^tJ may be eliminated between «^ = 0, 
djgU = 0. 

Lastly, let u contain 0(tj), where (p(v) denotes any circular 
function of v, such as sinv, tanv, &c. ; then d^u contains 
dgvd^(p{v)i and may contain <p(v). Now d^<p(v) can always 
be expressed in terms of 0(t)). Therefore, after having sub- 
stituted for d„(p(v) its value in terms of 0(v), <p(v) may be 
eliminated between t^ = and d,w = 0. 

As in the case of irrational functions, two functions of any 
of the above forms, may be eliminated between u — Oj d^u — v^ 
dlu = 0. And n such functions may be eliminated between 

59. Let w = be an equation between <r, y, ^, in which % 
is considered as an implicit function of the independent variables 
.V and y. Two quantities either constant or variable may be 
eliminated between ^ = 0, and its derived equations d,w = 0, 
dyU=0; three between w=0, dj,u=0, dyU^O^ (P^u=Oy d^dyU^O^ 
dyU=0. And so on. In the same manner we may eliminate a 
function of ^p and y, the form of which is unknown. For, let 
^ be a known function of os, y, * an unknown function of t; 
and let u contain 8, Then, each of the quantities rf^w, d^u 
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contain d^Sy and may contain g. And and dta vnsty be eHflii- 
nated between the equations w = 0, d,u = 0, dy w = 0. And 
thus we obtain a relation between w^ y^ Xy d^x^ dyX, wholly 
independent of the quantities eUminated in one case, and, of 
ihid foim of the function of t, in the other. 



I- • I 



;' 



We wimt not conclude that it is possible to eliminate two 
linkliown functions, between u = 0, and its derived equations 
o£ tbefilst aod Sd onAer. For, let r be a known function of 
J7, yy and q a function of r ; and let u contain a and q. Then, 
eiich of the quantities d^Uj dyU, will contain dfSy d^q, and may 
contain «, 9; and each of the quantities d^^u, d^dyUy d^Uy will 
coiiialn ^Sy dl^qy and may contain d^^, «, d^q, q. Hence, the 
number of functions may be equal to the number of equations, 
io which case the elimination is impossible. Particular cases 
do, however, occur in which the elimination of two functions 
can be eifected. :^ \ 

All that has been said respecting the elimination 1 of (con- 
stants or functions between equations and . their denYaliy^^ 
af^es equally to explicit functions. . . > \) v > 

60. Change of the Independent Variable ^ To eaipreEfs 
dj,yy d^y, ••• in terms of c{|<r, d^^, c2^j7, c^y,..., » andj^'being 
functions of a third quantity t 

Let t become t-^-e; then <r, y will become m + h, y-^k 
renpectively, where 

h = di*v- 4- £af h dtoD \- ... 

1 ^1.2 ' 1.2.3 

^^1 '^1.2 '^1.2.3 

I 

jrand y are functions of the same quantity /, and, therefore, of 
each other, and when w becomes df 4- hy y becomes 9 4- A;, 

I ^ * > ^' ^ *' 
'^1*^1.2 '^1.2.3 

G 
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substitute for h its value given above, and we get 

Therefore, equating the coeflBcients of like powers of 6 in the 
two expansions of k, we get 

dtV = d^ydtw, 

d!ly = d,y dj J? + d?y (dtwYy 



d;jy = — -— {d|a?d^y-djyc^j?}, 






61. To express the relation between d«y, d^y, ••• and 

When w becomes .r+A, let y become y + ft; therefore, 
considering y as a function of w^ 

k = d^y- + dly + dly + •.. 

^1 '^1.2 '^1.2.3 

also, considering /r as a function of y, 
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substitute the value of k found above, and we get 
k = dyW {d,yk + T<^yA» + ji^yA* +... \ 






Therefore, equating the coefficients of like powers of h on both 
sides of the equation, 

1 = dyWd^y, 

= d^ofJly + dlw{d^y)\ 

« dy^c^y + Sd^wd^ydly + dy^Cd^y'). 



These results, as well as those of (60) might have been 
deduced from (5). 

For, 1 = dyxd^y (5), 
1 



dyW 



/ 1 \ 1 / 1 \ ^y* 



Also, writing y, ^, ^ instead of w, y, <» respectively, we get 



SECTION III. 



PAETICULAE VALUES OF THE DIFFERENTIAL COEFFICIENT. 



62. Vanishing fractions. 

Let u^ V, the numerator and denominator of a fraction, be 
two functions of x that vanish when co = a. Then w, v must be 
of the form ^(a? — a)", ^(.r-a)", where p and q do not vanish 
when w = o, and 

- =^-7 f- = -(a?-a)'«-». 

\i m>n^ (a? - o)"*"* vanishes when <!• = «; 

.'. -£z2=o. 

If w = ?>, (ii7-o)"*~'*= 1 when.x; = a; 

If m<ny (jv - a)""* becomes infinite when a? = a, 

x=a 

V— /. 

It appears then, that, when m and n are equal, the value 

of the fraction which takes the form - when a? = a, is finite and 



equal to the fraction — ^^ . 
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When m is a whole number Pr^„, q^^^ "™*y ^^ found by 
diiferentiation. 

u =p(a?-a)*, 
d,w = dgp (a? - ay + m(ar - a)"'~*p, 

c^t^ = c^jp(a?-o)"' + +w.(iii-l)...S.2.1.p. 

When tr = o, every term except the last vanishes, 

In the same manner we get 

.-. when n = m ; 
u v d"* u 

63. When m is a fraction greater than k but less than 

A; + 1. 

djw* + Ap(Af-1)... 3.2.1. /^(ay-a)"-*, 

dJ"*^*M= -f (Ap-fl)A?...3.2.1.p(a?-a)'"-*-^ 

When a? = a, (•r-a)"'"* vanishes, and (a^-o)"*"*"' becomed 
infinite, therefore d/^^« = 0, djl^j = oo . 

Consequently, when either t^ or v involves a fractional 
power of a? — a, the preceding rule for finding the value of 

— when a? = 0, becomes inapplicable. 

In this case write a-^-h instead of Ar in e^ and v, and 
expand u and i) in series of ascending powers of h by the 
ordinary algebraic methods. Then, if 

^^s=a+h = -^^" + -^'^" + ••• 
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V 



If a>i3, A""^ vanishes when A=0, .-. -^^ = 0. 

U a^ fi, h"^"^ = 1 when A = ; 

u,^ A 

If a<fi, h^'^ become infinite when A= 0, therefore 

= 00 . 



64. The fraction — whose numerator and denominator 
become infinite when ^^ a, may be reduced to the form - . 

*or, - = -3- , .-. = -^ = - . 

So also may the expression uvm which one factor becomes 
infinite and the other nothing when w^ a. For, supposing 

«*^ = -rTJ •• «*x=a•«*=a=-^T-=n• 
4r=a 

66. Let 1^ = be a rational equation between w and y; 
and let one of the values of y deduced from this equation 
involve the irrational expression {w — a) ^F{x). Then d, y 
will contain the expression y/F{w) + (^ - a) d, y/F{pB). Now, 
when ^p = a, the radical will disappear from y, but will remain 
in d,y. Consequently dj,y will have two values for each value 
of y. 
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Let b be one of the values of y when a? = a ; p, p' the two 
values of d^y, and H, K the values of d^^u^ ^{^^9 when ^^a, 
y a=&. Since t^ is a rational function ot x^y\ d^g^u^ ^it^^ ^^ 
rational functions o( w, y; and, therefore, Hy K are the only 
values of d^^Uy ^(y)**> when/p = a, y = 6. 

Then, since d^^u + d^t« . d,y = 0, 

H^Kp =0, 

.-. isr(p-jp') = o, 

and p-p' is finite, .*. iSr=0, .*. H-0; 
and d.v takes the form - . 

The values of d^y in this case are deducible from the 
second derived equation 

d(*)« + ^d^,^d^y^u.d,y + d^^u.(d^yy + d^j^u.dJly = 0. 

d^yjtt = JSr= ; therefore, Z, JIf, N denoting the values of d^^)«, 
^(^^{y)'^y d^)«, and p that of d^^y, we have 

from which equation the two values of p may be deduced. 

66. Let one of the values of y involve (jB—d)\F{ai)\^\ 
then, when ^p= a, d^y will have three values for each value of y. 
Let 6 be one of the values of y; p, p\ p' the corresponding 
values of d^y. As in (65) Z, My N are the only corresponding 
values of d^*)W, d^^^d^y^w, d^^w; therefore 

Z + 2jlfp +iVp* =0, 
L^t^Mp' +Np'* =0, 
L + ^Mp' ^Np'^ =0; 
whence we obtain Z. = 0, JIf = 0, iV= 0. 
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In the derived equation of the third order the coefficients 
of d^y, c^y, are 3(d^d^,w + d^jW.rf,y) and d^^u. Theie 
ranish when off^a, y^bj and the remaining terms form a cubic 
equation from which the three corresponding vahies of cf«y laajr 
be obtained. 

In like manner, if y involve (a? - o) { F(w) ] » , d^y will have 
n values for each value of y, when af = a. And we must have 
recourse to the n^ derived equation in order to obtain the n 
corresponding values of d,y. 

Let y contain the expression (x-ay . [F(w)]'^ ; then 

{F(w)]^ will be multiplied by a?- o in d,y, but will occur 
disengaged from this factor in d^y. Consequently when or = a, 
d^y will have the same number of values as y, but d^y will 
have n values for each value of y. And if y contain the 

expression (a^-a)*". {jP(a?)|«, y, d,y, ...d*"'y will have the 
same numbers of values when a' = a, but c^y will have n 
values for each value of y. 

In all these cases the differential coefficient that admits 
of a greater number of values than the preceding diiferential 

coefficient, appears under the form - , and its true value is 

to be obtained from one of the derived equations of a superior 
order. 

67. Maxima and minima of functions of one variable. 

Let/(tr) be any function of <r; /(a? — ^), /(a? + A) the same 
functions of a? — A, a? + A* Then, if the value of tV be such 
that for any finite value of h however small, and for all inferior 
values of h greater than 0, fip — h) —fipo) and fipo-^-h) —fipo) 
have the same sign, the value of f{ai) is said to be a maximum 
or a minimum according as /(w — h) —f(w) and fipo + K) —/(a?) 
are both negative or both positive. 

This definition merely implies that state of /(a?), arising 
from the substitution of a particular value for a?, in which 
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f{m) is greater than either of the quantities f(w-h} and 
/(jr+A)) in the case of a maximum; and less than /(af — h) 
and /(x-^-h)^ in the case of a minimum. Consequently f(x) 
may admit of several maxima and minima, and some of its 
values may surpass a maximum, or fall short of a minimum, 
or even a maximum may be less than some of its minima. 

68. To find the values of <r, which render /(<r) a max- 
imum or a minimum ; and to distinguish a maximum from 
a minimum value o{ f(ai). 



• •• 



«•• 



.-. fiw - h) -f(m) « - dj(a>) ~ + dlfiw) ^-... 

I 1 • » 

f(m+h) -f{a,) = d,/(ar) - + d^J(w)-— + ... 

1 1 . Z 

Since, by diminishing hj the first term of each of the above 
series may be made greater than the sum of all the terms that 
follow (42) ; and since the first term is negative in one series, 
and positive in the other, f{x-K) -fipo) and f(x + h)'-f(ai) 
will have difierent signs as long as dgf{ai) is finite. But, by 
the definition, these quantities must have the same sign. 
Therefore, we must have dj/(a;) = 0, an equation from which 
may be deduced the values of x which render f{ai) a max- 
imum or a minimum. 

In this case then, we have 



f{x'h)-f(a^)^(ej(o,) 



1.2 



• •• 



/(^ + A)-/W=d*./('')^ + 



H 
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By diminishing A, the signs of f{x - h) -/(4?) and 
/X^ + A) -fipc) may be made the same as that of d?I/(«) ; 
and these quantities are negative in the case of a manminn^ 
and positive in that of a minimum. Therefore f{ai) ib a 
maximum or a minimum according as c^/(^) is iiegatiYe or 
positive. 

69. If a value of w which renders d,f(w) ^ 0, also make 

And, when h is made sufficiently small, fips — h) --/{ai) 
and f(w -k- h) - f{af) will have diflTerent signs; and therefore 
f(w) will neither be a maximum nor a minimum. 

If at the same time d\f{w) = 0, f{ai) will be a maximum 
or a minimum, according as d^(ai) is negative or positive. 
And, generally, when the first diflTerential coefficient of f(ai) 
which does not vanish when a particular value is assigned to 
Wf is of an even order, the corresponding value of /(a?) will 
be a maximum or a minimum according as the differential 
coefficient is negative or positive. 

70. It may happen that the value of w which makes f{ai) 
a maximum or a minimum, renders it impossible to expand 
f(w + h) by Taylor's theorem. Let a be such a value of a?; 
and let 

f(a + h) -f(a) = Ah^ + Bhfi-^ ... 
a, j3, ... being arranged in order of magnitude. 

provided none of the quantities a, j3, ... be of the form , 

for then either f(a + h) or f(a - h) would be impossible. 
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2w 
When a is of the form ; f(a-h)-f(a\ and 

fda-^h) —/(a) may be made to have the same sign by di- 
minishing h ; and, therefore, wbea x^Uy f{w) is a maximum 
or a minimum according as A is negative or positive. 

When a is of the form ;/(«-*)-/(«) and 

/(a + A) —/(a) have different signs, and therefore /(a) is nei- 
ther a maximum nor minimum value of /(or). Therefore, since 
^*=o/(^) = w > when a is less than 1, we must examine the 
values of of which make dgf{w) infinite, as well as tho^ which 
make dafiw) vanish. The same method may be extended to 
the case where a particular value of x makes one of the dif- 
ferential coefficients of /(<v) infinite^ and all the preceding 
coefficients nothing. 

When a is of the (orm , and any of the sneeeeding 

2m -^ 1 
exponents of the form ; one of the quantities f{a^h)j 

f{a + h) will be impossible, and the other will have two values, 
both of which are less or greater than /(a) according as ^ is 
negative or positive ; f{a) in this case is analogous to a max- 
imum or minimum value of f{w). It cannot, however, be so 
considered according to the definition of Art. 67, which requires 
the existence of both f{a - h) and f{a + h), 

^b^ operation of finding the values of s> which reuAer f(a} 
a maximum or minimum, may frequently be abridged by ob- 
serving that loge/(^), and every positive power of /(x} is a 
maximum or minimum when f(ps) is; and that every n^ative 
power of f(w) is a minimum or maximum according as /(^) 
is a maximum or minimum. 

71. Let /(^, y) be any function of <r, j^ ; /(a? + A, y 4- Ac) 
the same function of w -k- h, y + k. Then, if such values can 
be assigned to x and y, that, for any finite values of h and Ac, 
positive or negative, however fflnall, and for all inferior values 
of h and A?, f(,v + A, y + Ar) -/Ox*, y) may have the same sign; 
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f(x, y) wiU be a maximum or a minimum according as that 
sign is negative or positive. 

h A* 

/(«+A,y+*)-/(»,y) = d./(d7,y)--+ <^/(«,y)— -+ ... 

I 1 •% 

+ ^yfiP^j y) - + d,dyf{w, y) y. J + ... 

]^ 

+ ... 

As long as dgf{wj y) and dyf{xj y) are finite, the sign of 
fips^hy y + k) '•f{xyy)9 may be made to change with that of 
either h or ft, by giving h and h particular values. Con- 
sequently, when /(ofyy) is a maximum or a minimum, we 
must have dgf{w^ y) = 0, dyf{wj y) = 0. Among the values 
of «v and y that satisfy these equations will be found those 
which make f{w^ y) a maximum or a minimum. 

h^ h k 

.-. /(a? + A, y + Ap) -/(^,y) = d;/(a?,y)— -+ d,dy/(a?,y)-.- 

-^ dlfixyy)^^^^ ... 

*= i A"^ • {</(^? y) + ^d^dyfip, y) m + d*/(^, y) m*} + ... 
if k = mh. 

Now the sign of /(a7 + A, y + Ap) —fip^^y) may be made to 
depend upon the sign of the coefficient of -^ A^ by diminishing h. 
Hence, in order that/(^,y) may be a maximum or a minimum, 
the sign of ^^f(w, y) + 2d^dyf(w^ y) t» + d^fwy y)m? must be 
incapable of changing, and, therefore, of becoming nothing, 
whatever be the value of m. Consequently the roots of the 
equation = c^/(a7, y) + 2 dgdyf{xy y) m + ^yfip^ y) nf must be 
impossible, and therefore 

</(*, y) ■ </(^, y) > { d.d,f(a,, y) ] K 

This condition cannot be fulfilled except d!lf(x, y), ^yf{af, y) 
have the same sign. 
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It appears then that the values of w and y deduced from 
the equations d,f(wj y) = 0, dyf{x^ y) = 0, which make 

dj/(^,y).dj/(^,y)> {d,dJ{w,y)Y, 

render /(^, j^) a maximum or minimum, according as ^g^fipo^ y)y 
i^/(jr,y) are negative or positive. 

If the values of w, y that cause the coefficients of hj k 
to vanish, also cause the coefficients of h^y hk, 1^ to vanish ; 
the coefficients of h?j h^k^.,, must each be equal to nothing, 
and the terms involving A^, A' ft, ... must be incapable of 
changing their sign, in order that /(^, y) may be a maximum 
or a minimum. 



SECTION IV, 



CURVES. 



73. Let JPQ (fig. I.) be a curve traced upon a plane. 
Draw the straight lines OXj OF at right angles to each other 
in the same plane, PM parallel to OF. Then, the equation 
which expresses the relation between OM and PM^ and which 
may be deduced from some known property of the curve, is 
called the equation to the curve AP. 

73. A tangent to the curve AP at P, is the straight line 
through P, which limits the position of the chord joining P 
and any other point Q in the curve, when the arc PQ is in- 
definitely diminished. 

To find the equation to a tangent to the curve AP at the 
point P. 

Let JT, F be the co-ordinates of any point in the straight 
line PQ. Draw QN parallel to OYj and let OM^w, MN^h, 
PM^ y ; y is a function of x ; and PJIf, (iN are the values of 
y when those of w are Oilf, OM + h respectively ; therefore, 
denoting the values of d,y, d^y, ... by y', y ', ... when w^OM^ 

Q,N^PM^y'h^\y"h^^... 
The equation to PQ (Hamilton's dmic SectianSy 13.) is 
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And if PT be a tangent to AP at P, PQ coincidefi with 
PT when PQ, or MN^ is diminished indefinitely; and the 
preceding equAti<Hi becomes the equation to PT by making 
* « O. Therrfore, X and Y being the co-^irdinates of any 
point in PTj the equation to PT is 

and the equation to a tangent at the point (m^ y) is 

Cob. 1. Hence tan PTX^d,^, 

Cob. 2. Let the tangent at P cutOJT in T, and OY in 
F. Then, at T, X^OT, r=o, .-. OT^w-^-, at F, 

Hence, if in 0-^, OF we take OT^co-^^ OV^y^md^y, 

d,y 

the straight line TF is a tangent to the curve at tJie point 

Cob. 5. The subtangent is the distance of T from M 

^OT'-m^-'^" 

d^y 

74. Let rPiZ (fig. 2.) be a tangent to the Curve qPQ at 
the point P; OX, OY rectangular ax^es; Mh^MN; qrn, 
PMy QRN parallel to OY-, AM^m% MN^h, JfP^y. 

The equation to rPR is (73) ^ ' 

F-y = d,y(^-a7y; 

.-. RN-y + d^y.h, 

rn = y-d^y.hj . ^ , 

QN^y + d,y.h + ^e^y . A» + Ky. A' + ... 
g» = y - d,y . A + jd^y . A* - ^c^y . A« + ... 

gw-rw = ^dJy.A*-^d^y.A^+..;' 
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And, when h is sufficiently diminished, the sign of -j^d^y.A* 
detennines the sign of each of the above series ; and therefore 
QJV— iZJVand qn--rn have the same sign ; or, qP and QP lie 
on the same side of the tangent qRP^ which touches the curve 
at P, but does not cut it. When c^y is positive; QiV'is greater 
than RN^ and the curve PQ has its convexity turned toward 
the axis OX. When djy is negative; QN is less than J8JV, and 
the curve PQ has its concavity turned towards OX. If <5y=0 
at the point P, 

gn-r« = -ie^y,A'*+ ... 

therefore QJSf-RN and qn - m have different signs; and qP^ 
PQ lie on opposite sides of the tangent which cuts the curve at 
P, as in fig. 3. P is in this case called ^^ a point of inflexion.**^ 

75. When the point, P in which the tangent touches the 
curve, is indefinitely distant from ; the tangent is called aa 
asymptote. 

If the values of OT9 OF, or of both, do not beco^ne in- 
finite, when either w or ^, or both «r and y are made infinite; 
the straight line VT is a tangent to the curve at a point 
indefinitely distant from O; and is, therefore, an asymptote 
to the curve. 

Asymptotes may also be found in the following manner. 
Let Wj y be the co-ordinates of any point in the curve. APy 
fig. 4, referred to the axes OJT, 0Y\ and, if y can be ex- 
panded in a series of the form aa? + 6 + cx'^ + dw^ + ..., the 
straight line whose equation is Y- aX+b will be an asymptote. 

Let ST be this straight line ; and draw PSM parallel to 
or. Then, if OM^w, 

PM^ aa? + 6 H- co?*^ + dx'^ + ... 
SM = aa? + 6 ; 
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and therefore SP vanishes when w is indefinitely great^ hence 
ST touches the curve AP at an indefinitely great distance 
from O, and is therefore an asymptote. 

In like manner if w can be expanded in a series of the form 

ay + b-k- cy-^ + dy'^ + ... 

the straight line X^aY-k-b will be an asymptote. 

76. A straight line drawn through the point in which a 
tangent touches a curve, at right angles to the tangent, is 
called a normal to the curve at that point. 

To find the equation to PQ (fig. t.), a normal to the curve 
AP at the point P. 

The equation to the tangent PT is 

Y-y^d,y(X-w) 

and PG is perpendicular to PT^ and it passes through the 
point P, the co-ordinates of which are a?, y ; therefore, JT, Y 
being the co-ordinates of any point in PG, the equation to 
PG is (Hamilton's Conic Sections. 18.) 

(F - y) d^y + JT- x-0. 

Cob. 1. Let PG cut O^in G, and OY'm H. Then at 
the point G, X ^ OG^ Y=^0^ therefore OG-iv + yd^y; at 
the point HX= O, Y^ OHy 

.-. OH^y + 



dsy 

Cob 2. The subnormal is the distance of G from M 

^OG-x^ yd^y. 



6G 



77- Let 



a + a « + a'V+ ... 

be three expressions of which the 2d is always intermediate in 
value between the other two, then, ifc = a, 6 = a. 

Since the value of the 2d is intermediate between the 
values of the other two, 

a - 6 + (a - 6') z + (a"- 6 ') «* + ... and 

6 - c + (6' - c') » + (6" - c ') s^ -H . . . 

have the same sign. As long as the first term of either series 
remains finite, its value may be made greater than the value of 
all the terms that follow by diminishing x (42), and, therefore, 
the sign of the series may be made to depend upon that of its 
first term. Hence, as long as a - 6 and 6 - c are finite, they 
must have the same sign. But, if c = a, a — b and b—c have 
different signs ; therefore we must have a — 6 = ; or, 6 = a. 

78. To find the differential coefficient of the arc of a 
plane curve. 

Let ^ be a fixed point in the curve APQ (fig. 5) ; OJT^ 
OY rectangular axes; PM^ QJV parallel to OF; PR a tangent 
to ^P at P; PT parallel to OX. Let OM^w, MN^h, 
PM = y, AP = 8, The place of P depends upon that of J/, 
therefore « is a function of «r; and PQ is the quantity by 
which 8 is increased when w becomes x -^-h^ 

.'. PQ = d,«.A +^d^«.^^+ ... 

TQ^ON-PM^^d^y.h-^-Q^h^ TR^d^y.h; 
.-. Pi? + QJZ = v^{P7^+ri?^} + Qi? = /iv^{l + (a,y)«}+QA*. 

Chord PQ= ^/{PT2-H TQ^} =.v/{^' + (rf-y * + <i-*T} 
= AV{l + (d,y)^} + {l + (rf,y)«}-*d,y.QA«+... 
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Now the arc PQ, which between P and Q always bends 
the same way, is manifestly greater than the chord PQ, and 
less than PR + RQ, ; or, substituting the values of PRj &c. 
and dividing by A, 

^«* + i ^* • * + ••• lies between 
\/{l +(d,y)*| + \\^{d,yy\-^d,y.(^h and 

and these expressions have the same first term, therefore (77) 

4«=\/{i + (dxy)*}. 

79- To find the differential coefficient of the area included 
between the curve AP (fig. 5.) the axis OX^ and two straight 
lines AB^ PM parallel to OY. 

Draw QT perpendicular to TPM\ and let the area 
APMB B A, The magnitude of this area depends upon the 
place of My therefore J is a function of ai\ and PQMN is 
the quantity by which A is increased when w becomes a? + A, 

.-. area PQJlfAr= d,^. A + ^d^J. A*+ ... 

also area PN=PM,MN=yh^ 

and area QJf = QAr.ifAr= (y + d,y . A + ^c^y . A* + ...)h. 

And the area PQNM lies between the area PN and the 
area QM; therefore, substituting the values of these areas, 
and dividing by A, 

dgA + ^^,A . A + ... lies between 

y and y + d^y . A + . • . ; 

and these expressions have the same first term, therefore (77) 

d^A = y. 

80. To find the differential coefficient of the volume of 
the solid generated by the revolution of APMB (fig. 5.) round 
OX. 
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Let V be the volume of the solid generated by the revo- 
lution of APMB round OX. Then, since T is a function of 
aj and the solid generated by the revolution of PQNM is the 
quantity by which V is increased when w becomes x + hj 

solid generated by PQNM = d, F. A + ^d^ T. A* + ... 
Solid generated by 

PN = (area circle rad. PM) . MN 

= TT . PM^ . MN (Hymers^s Integral Calculus. 9%.) 

Solid generated by QM = tt . QM^ . MN 
= TrCy + d^y .h -i- ...^A = ^(y* + 9,ydj,y .h + ...) A. 

And the solid generated by PQNM is greater than the 
solid generated by PJV, and less than the solid generated by 
QM. Therefore d, T -i- ^d^ F . A + ... is greater than Try*, and 
less than tt (y* + 2yd,y . A + ...) » therefore (77) 

d,F= Try*. 

81. To find the differential coefficient of the area of the 
surface generated by the revolution of the curve JP (fig. 5.) 
round OX. 

Let S be the area of the surface generated by the revo- 
lution of AP round OX. S is a. function of <r, and the surface 
generated by PQ is the quantity by which S is increased when 
w becomes «r + A ; therefore 

surface generated by PQ = d^S . A + ^d^S.h^ + ... 

The convex surface of a cylinder whose axis is equal to the 
length of the arc PQ, and whose radius is PM = 2 tt . PM . PQ 
(Hymers's Integral Calculus. 98.) 

= 2Try(d,«.A + ^d*«.A* + ...) 
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and the convex surface of the cylinder whose axis is equal to 
PQy and 

radius QN:^^ir.QN.PQ 

= 2ir (y + d,y. A + ...) (d,«.A + ^d^«. A*-|- ...) 

And the surface generated by PQ is manifestly greater 
than that of one of the cylinders, and less than that of the 
other; therefore, dividing by A, d,*S'+^d^*S'.A+ ... lies between 

Zir (ydgS + ^ycf^s . h '\- ...) 
and 27r (yd^s + d,y . d^s . h -i- ^yd^« . A + ••• ) » 
and these expressions have the same first term, .*. (77) 

and d,« = v" 1 1 + (^'VY ] (78) i 
.-. d^S=Qiry^{l + id,yy\. 

82. To find the radius of curvature, and the co-ordinates 
of the centre of curvature of a curve at any point. 

Let P be any point in the curve AP (fig. 6.) Q, Q' any 
other points in the curve; then, if a circle be described 
through the three points P, Q, Q', the circle which is the 
limit to which the circle PQtf approaches when PQ, PQ^ 
are diminished indefinitely, is called the circle of curvature 
of the curve AP at the point P, 

The radius of this circle is called the radius of curvature, 
and its centre is called the centre of curvature of the curve at 
the point P. 

Let OX, OYhe rectangular axes, PJf, QN, Q^JST parallel 
to OY; MN^h, MN'^ A'; and let «r, y be the co-ordinates 
of any point in the curve AP\ X, Y those of any point in the 
circle PQtf- PM is the value of y and of Y when x and X 
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are each equal to OM; and QM is the value of y and of Y 
when w and JC are each equal to OM + h. Therefore, de- 
noting the values of d,y, cf^y, ... d^^Y^ d\Y,... by y', y",... 
K', F", ... , when a? and X are each equal to OM^ 

QN=PM+ rh + ^r'h' + ir"A' + ... 

therefore, subtracting and dividing by A, 

0=r-y'+i(r'-y")A + i(r"-y"')A' + ... 

In the same manner we get 

= r- y'+ i(F"- y") A' + ^(r"- y'") A'i' + ... 
therefore, subtracting and dividing by ^(A'- A), 
= r-'- y" + J(r"- y") (A'+ A) + ... 

Now when PQ, PQ' vanish, the circle PQQ' becomes the 
circle of curvature at P; therefore if we make h and A' each 
equal to nothing ^, Y become the co-ordinates of any point in 
the circle of curvature, and we get 

r=y', Y"=y". 

Hence, the circle of curvature at the point (a?, y), is de- 
termined by the conditions X=a}^ Y-y^ d^Y^d^y, d^Y-c^y, 

Let a, 6 be the co-ordinates of the centre of the circle of 
curvature, r its radius ; then its equation will be (Hamilton's 
Conic Sections. 33.) 

.-. 0^(Y-b)d^Y+X-a, 

But when X=w, F= y, dj^Y= d,y, d^Y = c^y; therefore 

f^^iy-bf + iw^ay (a), 

= (y-ft)d,y + ^-a 03), 

= (y -6) d^y + (d,y)2 + 1 ... (7) ; 



.-. y-6 = - 
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1 



The expression for r appears with a double sign, it is 
customary however to use the negative value, and then, when 
the centre of curvature and the point in which a normal at P 
cuts the axis of Wj lie on the same side of the curve, d\y is 
negative, and, therefore, r is positive; when they lie on dif- 
ferent sides of the curve, c2^y is positive, and, therefore, r is 
negative. 

Let ^ be a given point in the curve, P a point whose 
co-ordinates are ^, y ; and let the arc AP = 8, Then 

{d.sf 



.*. r = — 



dly 



83. Let w and y be functions of a third quantity t. 
Then, d,y~^, 

. , \(d,mf + (d,yy\^ 
••'-d,y.dla,-d,a,.^,y- 

Considering w and y as functions of «, we get 

_ {(d.a,y + id.yy]* 
d,y.d^,w-4,w.^,y' 
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and d,« . dgW « 1 (6l), .-. 1 = (d,a?)* + (d,y)*. 



r = 



■ , 1 I-. .. 

■ 'i- ■ .-. i' 



9 

dgW 

- = {d,y . d^,iv - d,a! . dly]* 

= (d,yy (d:ia>Y - Zd,y . df a; . d.w . djy + {d,wf (<^y)*, 

= \d,x . d!',w + d,y . d^,yY 

= id,mfic(la,y + 2d,w . djar . d.y . djy + (d.y)* ((^y)« ; 

.-. i = {(d.a;)« + (d,yy] . {(d^,a,y + (^,yy\ = ((^«)» + («j;y)»; 

1 

.•. r 



Let n be the angle between a nonnal to the curve at P and 

the axis of w. Then tan n = — - — , 

d^y 

d^y 
.-. n = - cotan-^ d,y, .-. d,n = ; — Tj— ^> 

d,« 
d^n 

84. We obtain from (j8) (82) (6-y)d,y + a -^ = ©• 
This is the equation to a normal to the curve at the podnt' 
P (76), having a and h in the place of JT and Y. Hence the 
centre of the circle of curvature at any point lies in a normal' to 
the curve at that point. Hence also the curve and the circle of 
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curvature at any point in it, have a common tangent at that 
point. This might have been inferred from the equations 

86. The evolute of a curve is the locus of the centre of 
curvature. 

a, h are the co-ordinates of the centre of curvature at the 
point (^, y)^ and, therefore, of a point in the evolute. Hence, 
if we eliminate m^ y between the equations 

and the equation to the curve, the resulting equation between 
a, 6, which is independent of <r, will be the equation to the 
evolute (72). 

86. Differentiating the equation 

^ (y-b) d^y -i- .v - a (82) we get 
= (y-6) d^y + {d^yf - d,ft . d,y + 1 - d^a. 
But 0=(y-.ft)d^y + (d,y)*+l (82); 
therefore, subtracting the upper equation from the lower, 

3= dgh . d^y + dgU^ 
.*. (y-6)d,a = (a?-a)d,6, 

•• y-h=^dj){x-a) (a) ; 

and (6 -y) d,y + a - ii? = ()3). 

It appears from equation (a), that (<r, y) is a point in a 
tangent to the evolute at the point (a, h) ; and from equation 
(/S)) that (a, h) is a point in a no^rmal to the curve at the 
point (07, y). Hence a tangent to the evolute is a normal 
to the curve. 

K 
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87* DiiFerentiating the equation 

r* = (y-6)* + i^-bf (82) we get 

rd^r^ {y-h)d^y - (y- 6)^,6 + ob -a^ {x~a)d,a 

But = (y - 6) d,y + .2? - a ; 

.'. - rd^r = (y - 6) d,ft + (<r - o) d,a, 

r^ = (y - 6)^ + (^ - «y = { (dsaf + (d,6y } (^)* ; 

... -d,r = ±>v/|(d,a)^ + (d,6)*|. 

Let A\ P (fig. 6.) be the centres of curvature of the curve 
AP at the pomts J, P respectively ; and let JlP^ 8 ; then 

dj ^y/{{d,aY + {d,hy\^ 

.-. dgT ± dj.8 = 0. 

This is the equation which would have been obtained by 
differentiating the equation r^s^C^ where C is constant (6). 
Taking the upper sign, as the present case manifestly requires, 
we get A'P + PP = constant. Hence if a string DP^P^ of in- 
variable length, one end of which is fastened at D, be wound 
round the evolute A'P^ and then unwound, the extremity P 
will describe the curve AP. It is on account of this property, 
that A'P is called the evolute of AP^ and AP is called the 
involute of A' P. 

88. Spirals. Let P (fig. 7.) be any point in the curve 
AP\ SX^ SV rectangular axes; PT a tangent to the curve 
at P, cutting SX^ SV in T, V. Draw PM perpendicular to 
SX, SY perpendicular to PT-, and let SM^w, PM^y, 
PSX^ 0, SP = p, pu = 1, SY^py AP=8, r the radius of 
curvature at P, and 2q the chord of curvature through S* 
The equation which expresses the relation between p and 0, 
or between p and p is called the polar equation to the curve 
AP, 



76 

89. To find p and the angle SPY in terms of u and (Iqu. 

^ cosd 

a? = p cos t7 = , 

' U 

sine 
y = p sm = ; 



sin cos Q 
dew = r— aew, 

cos 8in 

tand-— - 
dey deu 



^ 1 + tan e 



(IqU 



= tan {0 - tan"^ - — > ; 
I deu) 



L * — - s= t> — tan * 



. tan-^-e^=0-tan 



d^x dQU 

'^ ^ = d.y = tan PTX. 



dQ(v 
SPY^PTX^PSX 



, ddV ^ , «* 

= tan-^-f^- e = - tan-^—- ; 
d^x dQU 



.-. tanSPr=- 



deu 



|p.| = (cosecant SPY)* 
= 1 + (cotan SPY)* ; 
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1 




1 


'uf + (de«^)*- 



90. To express d^s in terms of u^ d^Uj &c. 

^-At^ + (deuy\ 



u*p^ 



91. To express r in terms of u, deUy &c. 
Differentiate the equation 

tan-i^=0-tan-^-^ (sg); 
d^w d^u 



t i I. ■ 



with respect to 0, and we get 

dew . dey - d©y . dja? (da*^)* ^ ud^u 

~(d^f+Jd^' ^ "■ w* + (daw)* ' 

~ u^ + (deuy' 

But (da^)' + (day)« - -^ {^' + (^ew)'} ; 

.'. deaf . dly •- dey ' dly :=^ —^ {u •\' deu] y 

J 1. ^ , X 1 U' + (daw)n* 

and therefore (83) r = -r ^ ^i^ 

w u + deu 

^ u'jdesy 
u + d^u 
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7 = r sin SPY 

1 M* + (dQuy 

u* w + (IqU 

92. Let be a function of /. Then 

d|— - = rf|- — ^atd.d0- — , 



■ • 



1 d Q 

and diX^ d%x,diO\ 



< i 



.•. dtw.dlly-d^y.dlla^ (dtOy {d^a . dey - day . djo;} . 

This equation is of use in the solution of certain Dynamical 
problems. r.. iif 

93. To find the differential coefficient with respect to 0, 
of the area bounded by the curve AP and the radii AS, PS. 

ASP^ASB + PSM^SBPM, 
.'. de {ASP) = da {PSM) - d^ (SBPJH) 

^dei^xy) -ydpw 
= j^xd^y + ^yd^x - yda«r 
.•. ^d0{ASP)^wd^y -yd^x. 



- = tan ; 

X 
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.'. -- (ofdey - ydew) = (secant Oy ; 
or 

.-. a?dey-yde^ = (^secant 0)* = — ; 



w 



.'. 2de(ASP)^^. 

^pdes (90). 

94. «=1, .'.d,u = -% d|„.2<M-^; 

p p p p 

therefore, substituting these values of u, d^u, t^u in ^e 
preceding equations, we get 

tan-yPF*^. 
dtp 

^-f^ + idepy, 

(de*)» = f)« + (de/t»)% 
.P' 

i 






p{p' + (dep)1 
p^ + 9.(dipf-pdlp 
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95. To express r in terms of p, p, dp p. 

The equation to TP is 

F-y-d,y(Jr-^) (73). 

At F, ^=0, .\ SV^y-wd^y. 

p^SV.cosSTP; and tan aSTT = - d,y ; 

P* = ^ + y*, 

.-. pd,p = W'^yd^y. 

— » 

r 



.*. r 


d,p 
^dy 


= pd,p. 




q 


= r sin SPY 

P 
-r- 

P 
= pdpP' 



96. Let P' be the centre of curvature of the curve at the 
point P; therefore PP' is perpendicular to PV, and touches 
the evolute A'P' at P (86). Draw SY' perpendicular to PP' ; 
and let ^P'= (9, Sr^p'. 

SY'* = PF* = sp'- sr, 

Sy* - SY'* ^P'Y'*^ {PP'- SYy i 
and PP'" pdpp (95) ; 

.-. p* =p*- p", 
p* - p'' = ipdpp -pf. 
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The polar equation to AP^ the evolute of AP^ may be 
obtained by eliminating p and p between these two equations 
and the equation to the curve. In the same manner, having 
given the equation between p and p', or the polar equation 
to the curve -4'F', we may find the polar equation to AP^ 
the involute of AP . 

97- If p become infinite, while Q and p remain finite, the 
spiral will have an asymptote, the position of which is deter- 
mined by the values of Q and p. If for any finite value (a) of 
p, Q become infinite the spiral will have an asymptotic circle, 
the radius of which is a. 

98. Let YZ be a tangent to the curve traced out by F. 
Draw SZ perpendicular to YZ\ and let ZSX^(p. Then 
PSY^9-<f>; 

P 

cos(e-^)=-; logeCos(e-^) = log.p-logep. 

P 

/. -tan(e-d))(l-.de0) = ~-^; 

P p 

and tan (0 - 0) = cot SPY = ^ (94) ; 

P 

.: tan(0-d>)=-^; 

P 

.: tan SYP= ^ 



d^p 



But tan SYZ = -^ (94) ; 

.'. SPV^ SYZ, and SYP, SZYaxe right angles, 

SZ SY 



.: PSY= YSZ, .-. 



SY SP 
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99. Contacts. Let PQ, PR (fig. 8.) be two curved beet- 
iog in P; OXj OY rectangular axes. Draw PM^ RQN 
parallel to OY; and let «r, y be the co-ordinates of any point 
in PQ; X, Y those of any point in PR; MN^h; y, y^^, 
y'", ... ; F', F", Y*'\ ... the values of d,y, djy, d^y, ... ; d^Fj 
d^F, d^F, ... when x and JT are each equal to OM. 

Now Pilf 18 the value of y and of F when ^ and X are each 
equal to OM; and QJV, J?JV are the values of y, F respectively, 
when 0? and X are each equal to OM + A. Therefore 

(2J\r-PJf + y'A + iy"A« + iy"'A»+... 
RN^PM^ Th + i F"A« + \ Y^'h^ -h ... 

QJZ = (r-y')A + ^(F"-y")A* +i(F'"-y'")^'+ ... 

If F^s y', the curves are said to have a contact of the 
1st order: if Y^y and Y'—y\ they are said to have.. a 
contact of the 2nd order: if T^y\ Y'^y\ Y"^y'\ tliey 
are said to have a contact of the 3d order; and, g^erally, 
if the coefficients of A, A^, A^, ... A* in the series for Q/J, vanish 
at the same time, the curves are said to have a contact of the 
fi^ order. 

100. Let Di, D^H ..^ D^ be the values of QR when the 
curve PR is supposed to have with PQ, a contact of the 1st, 
2d, ...n*** order respectively. The first tenns of the series 
expressing the values of 2>i, A, ... 2>« will involve A, A% ... A* 
respectively ; and, therefore, by diminishing A, any term of 
the series D^ , 2>2 , . . . 2^» may be made less than any of the 
preceding terms. 

Hence, if PJZ, PS be two curves, of which PS has with 
PQ a contact of a higher order than PR has, the portion PS 
of the curve PS lies wholly between PQ and PJZ, when MN 
is sufficiently diminished. 

101. Let a point n be taken at the distance h to the left 
of Mj and through n suppose a line rqn to be drawn parallel 
to OYy cutting PQ, PR in ^, r. The value oi rn-qn may 
be deduced from the equation 

RN-QN= (T- y') h + i(F"- y") A» + \ (F"'- y'") A» + ... 

L 
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by writing - h instead of h ; 

If the curves have a contact of the 1st order, or F'-y'sO; 
RN - QN and rn - qn have the same sign, and the curves 
touch each other at P but do not intersect; if they have a 
contact of the 2d order, or T-y:=^ 0, F"- y '= ; RN - QJV 
and rn - qn have different signs, and the curves intersect each 
other in P\ and generally, the curves will be found to touch, 
or cut each other, according as the order of their contact is 
odd or even. 

102. When the equation between X and Y contains one 
disposable constant, such a value may be given to it, that Y 
may be equal to y when JC = a? ; or, that the curves may meet 
in the point (a?, y). 

When the equation contains two disposable constants, 
such values may be given to them that we may have Y^ y, 
dj^Y^dj^y, when X-x\ or, that the curves may have a 
contact of the 1st order at the point (a?, y). 

When the equation contains three disposable constants, we 
may make F=y, djpF=d,y, d^K=d^y, when X=w\ or the 
curves may have a contact of the 2d order at the point (t-r, y). 

In like manner when the equation contains n + 1 disposable 
constants, we may make F= y, d^^ F= d,y, ... d][F= c^y, when 
X = w; or the curves may have a contact of the n^ order at 
the point (a?, y). 

103. The equation to a straight line is Y^z aX + b. 
This contains two constants a, b; therefore a straight line 
may have a contact of the 1st order with any curve at a point 
(a?,y) in it, when proper values are assigned to a and b. These 
values are determined by the equations X-w, Y-y^ d^^Y- d^y. 

Therefore y = aw -^-b; and a = d^F = d,y ; therefore the 
equation becomes F- y = d^y (X-x). Hence (73) a straight 
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line which has a contact of the 1st order with a curve is a 
tangent to the curve at the point of contact. 

* o o 

dj^Yy djjF, ... are all equal to nothing. Therefore, if at 
any point in the curve, d^y = 0, the curve will have a contact 
of the 2d order with the tangent at that point ; if c^y = 0, a 
contact of the 3d order ; and so on. Hence (lOO), when the 
first differential coefficient after d«y that does not vanish, is of 
an odd order, the curve will have a point of inflexion. Points 
at which the first differential coefficient after d,y that does not 
* vanish, is of an even order are called points of undulation. 

104. The equation to a circle c^= (F- 6)*+ (Jk^- a)« 
contains three constants a, 6, c, and therefore a circle may have 
a contact of the 2d order with any proposed curve at the point 
(j7, y) in it, when proper values are assigned to a, 6, c. These 
values are determined by the equations X- a?, F=y, d^Y— d»y9 
d^Y^dlly, Hence, (82) a circle which has a contact of the 
second order with a curve, is the circle of curvature of the 
curve at the point of contact. 

Cob. It will cut the curve (100) at the point (a?, y), 
except dlY-dly. 

105. Instead of proving that the straight line and circle 
which have contacts of the 1st and 2d order with a curve, are 
the tangent and circle of curvature at the point of contact, we 
nught have made Arts. (99) — (lOS) precede (73), substituting at 
the same time the following definitions for those in (73), (82). • 

A straight line which has a contact of the 1st order with 
a curve, is called a tangent to the curve at the point of contact. 

A circle which has a contact of the 2d order with a curve, 
is called the circle of curvature at the point of contact. 

106. Multiple points. A point in which different branches 
of a curve intersect or touch each other, is called a double, 
triple, &c. point, according as the point is common to two, 
three, &c. branches of the curve. 
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Let Of, y he the co-ordinates of any point in the curve ; 
u^O & rational equation between w and y; et^ b the values of 
w and f^ at a multiple point; H^ JT, L, ••.; y\ y\:. the 
corresponding values of d^^^u, d^j^u^ d^g^u, ... ; d^y, c^y, ... 
If two branches of the curve make a finite angle with each 
other at the point (a, b), y' will have two values, therefore 
(65) H^O, JT = 0, and L + 2My + Ny* = 0, an equaticm 
from which the two values of y' may be deduced. 

If three branches of the curve intersect at finite angles in 
the point (a, 6), y' will have three values, therefore (66) H^ 0, 
JT s: 0, Z = 0, and the equation ^^u = 0, after substituting a 
for Of and b for y, will afford a cubic equation from whic^ the 
values of y' may be determined. 

By a similar process we may determine the values of y 
when any number of branches intersect. 

If several branches of a curve touch each other at the 
point (o, 6), y' will have one value, but y" wiU have more 
than one value. Similarly, if the branches have with each 
other a contact of the n^^ order, y"' is the first of the quantities 
y9 y\ • • • ^^^^ has more than one value. Substituting a for «r 
and b for y in the equation d"t^ = 0, we get Ky^-\- ... *• 0. And 
y^' admits of more than one value, therefore (65) K=0, the^efor€^ 

107. Conjugate points. Let a, b be corresponding pos- 
sible values of of and y; y, y'\ ... the values of d,y, c^y, ... 
when 07 = a, and y=^b; and suppose one or more of the quantities 
y^, y", ... to be impossible. Then, when w^a^hj the cor- 
responding value of y will be 6 ±y'yi + jy"A^ i jy"A^+ ... 
an impossible quantity. When this happens the point (a, 6) 
is completely detached from the rest of the curve, and is 
called a conjugate point. 

Let y^ be the first impossible difierential coefficient. 
Then, substituting a and b for w and y in d^u = 0, we get 
^y"' 4- ... = 0. And y"' is the only impossible quantity in this 
equation, therefore JT = 0, therefore H ^0, 
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108. Let a and h be values of x and y that satisfy the 
equations w = 0, d^,jW = 0, d^^^u = 0. Then, if the coe£Bcients 
of d^y and {d^yf in the equation d> = 0, remain finite when 
a and 6 are substituted for w and ^, the roots of the residting 
quadratic being possible and unequal, two branches of the 
curve intersect at a finite angle in the point (a, 6) (104). When 
the roots are impossible the point (a, 6) will be a conjugate 
point (107). If the coefficients vanish we must substitute a 
and h for w and y in the equation d],u = 0. If the roots of 
this equation be real and unequal, three branches of the 
curve intersect at finite angles. If two of the roots be im- 
possible the curve will not have a multiple point. If all the 
roots be impossible the curve will have a conjugate point. 
If the coe£Bcients of (d,y)^, {d^yy, d^y vanish we must sub- 
stitute a^ and b for w and y in d^u = 0, and so on, till we get 
an equation in which the coefficients of the powers of d^y are 
finite. The number of possible unequal roots in this equation 
will indicate the number of branches of the curve that intersect 
at finite angles. And if the roots be impossible the curve will 
have a conjugate point at the point (a, 5). 

If the equation have any number of equal roots, a like 
number of branches of the curve will touch each other. In 
this case the different corresponding values of d^y may be 
found by a process similar to that employed in finding the 
values of d,y. If the roots of the equation for determining 
the values of cf^y be impossible, the curve will have a con- 
jugate point. 

In like manner if dly be the first differential coefficient 
which has real unequal values when a; = a, and y = 6, the 
branches of the curve will have a contact of the (n - l)^*^ 
order^ And if its values be impossible the curve has a con- 
jugate point. 

109- Let Off y he the co-ordinates of any point in a 
curve ; u = a rational equation between a; and y. If y 
become infinity when a is substituted for w in the equation 
w = 0, the straight line d? = a will coincide with the curve at 
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an infinite distance from the origin, and will, therefore, be an 
asymptote to the curve. 

In like manner, if the substitution of b for y render w 
infinite, the straight line y ^h^ will be an asymptote. 

110. At a point where a tangent to the curve is parallel to 
the axis of .r, d^y = (73) ; therefore, since d^^rj w + d^^ • ^*y = ^> 
we must have d^g^^u = 0^ and d^y)U finite, also, at a point where 
the tangent is perpendicular to the axis of ^, d^y = oo , and, 
therefore we must have d^^u finite, and d^^)W = 0. 

111. To determine the nature of a curve at any point 
in it. 

Let ,r, y be the co-ordinates of any point in a curve ; a, b 
corresponding values of a and y. Substitute a + A for ^ in the 
equation to the curve; and let h + Ah^ + Bhfi + ••. be one of 
the values of y expressed in a series of ascending powers of A, 
therefore, if y = 6 + A;, 

k =^ Ah"^ -{- Bhfi + ... 

And when h is sufficiently diminished the sign of k wiU 
depend upon that of Ah*^. 

Let the coefiicients A^ £, ... be possible; and let a, )3, ..« 
be either whole numbers, or fractions having odd denominators. 
Therefore k will be possible whatever be the sign of A. First, 
let a be greater than 1. Then, since A:-t- A vanishes when ifc = 0, 
a tangent to the curve at the point (a, h) will be parallel to the 
axis of X. When the numerator of a is an odd number, the 
sign of Ah°^ changes with that of A; therefore the curve will 
have a point of inflexion as in fig. (9) or (lO) according as A 
is positive or negative. 

When the numerator of a is an even number, the sign of 
Ah°^ does not change with that of A; therefore the curve re- 
sembles fig. (ll) or (12), and y is a maximum or a minimum, 
according as A is negative or positive. 

Next, let a be less than 1 . In this case A: -r- A becomes infinite 
when A = ; therefore a tangent to the curve at the point (a, 6) 
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is perpendicular to the axis of x. Then, when the numerator 
of a is an odd number the sign of A h^ changes with that of h ; 
therefore the curve has a point of inflexion as in fig. (13) or 
(14) according as ^ is positive or negative. 

When the numerator of a is an even number, the sign 
of Ah*^ does not change with that of h^ therefore the curve 
resembles flg. (15) or (l6) according as A is positive or 
negative. 

Lastly, let a = 1, .*./? = Ah + BhP + ... 

d^k = d^A? (37) = ^ + /3SA^-^ + ... 

d^^y = d^^k s= A, therefore a tangent to the curve at the point 
(a, b) makes a finite angle with the axis of <r. 

dj^A: = c^ifc = i3(i3 - 2) Bhfi'^ + ... 

therefore d^^y = d^^k will be infinite, finite or nothing, ac- 
cording as /3-2 is negative, nothing or positive. 

When the numerator of )3 is an odd number, the numerator 
of j3 — 2 will be an odd number ; therefore when the sign of h 
changes, the sign of /3()3 - \)Bh^'^ will change, and, therefore, 
that of d^^. Hence, (a, h) will be the co-ordinates of a point 
of inflexion. 

When any of the coeflicients A, B, ... are impossible, k 
will be impossible, except A = 0, whatever be the sign of A. 
And the point (a, h) will be a conjugate point. 

112. When any of the exponents a, )3, ... have an even 
denominator, k cannot be possible for both positive and nega- 
tive values of h. 

k may be impossible both when h is positive and when h is 
negative. In that case the point (a, 6) is a conjugate point. 

Since any term of the series Ah^ + Bhfi + ... may be made 
greater than the sum of all that follow by diminishing A, the 
two branches which owe their origin to the double value of any 
term of the series for A;, will have their position ultimately 
determined by the value of the preceding terms of the series. 
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113. I^et a be the only exponent having an even de- 
nominator. Therefore k will have two values for each value 
of A. 

A tangent to the curve at the point (a, 6) wiU be parallel 
or perpendicular to the axis of .r according as a is greater or 
less than 1 (ill). Hence, when a is greater than 1 the curve 
will resemble fig. (17) or (18), and when a is less than 1 it will 
resemble (19) or (20). 

If a = 1, and the denominator of )3 be even, the term BhP 
will have a positive and negative value; therefore the curve 
will resemble fig. (21) or (22). 

If the denominators of a,... be odd, the first term which 
involves a power of A, the exponent of which has an even 
denominator, will give rise to two branches nearly coinciding 
with the branch determined by the preceding terms of the 
equation k=^ Ah°^ -\- Bhfi -{- ...\ and the sign of h cannot 
change. Therefore the curve will assume one of the farms 
in fig. (23) or (24), according as a is greater or less than 1. 

In the same manner it appears that if a = 1, the numerator 
of /3, ... odd, and that of one of the following exponents even, 
the curve will assume one of the forms in fig. (25). 

114. To find the equation to a curve which touches a 
series of curves described after a given law. 

Let PQ, QJP^ (fig. 26.) be two of the curves intersecting in 
Q ; PP^ the touching curve ; P, P' its points of contact with 
PQ, QP\ w =: 0, w = the equations to PQ, QP^ ; and let u 
contain a constant a, which in u becomes a + £a, u and u* 
being the same in all other respects. 

Now, if ^ a be continually diminished, P' approaches P 
and ultimately coincides with it; therefore also Q ultimately 
coincides with P; or, the point in which PP^ touches PQ, 
is the point in which PQ is untimately intersected by QP'. 

Since u is chapged into u by substituting a + Sa for a, 
the equation w'= becomes 
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Therefore, observing that z/ = 0, and dividing by 5 a, 

d^u + -JdJw.3a-i- ... = 0. 

The co-ordinates of Q, the point in which PQ, QP^ in- 
tersect, satisfy the equations w = 0, w' = 0, and, therefore, the 
equation d^u + ^^t^ • ^^ + ••• = 0. And when Sa vanishes^ 
Q coincides with P, therefore the co-ordinates of P satisfy the 
equations w = 0, d^u = 0. 

By eliminating a between u=^0 and d^u^O^ we obtain an 
equation between the co-ordinates of P independent of a ; or, 
the equation to the curve PP. 

The quantity a, which remains constant for the same curve, 
but which changes in passing from one curve to another, is called 
a parameter. 

115. If P, Q be two points in a curve, P the ultimate 
intersection of normals to the curve at P and Q; then, when 
PQ is indefinitely diminished, P' is the centre of curvature of 
the curve at P. 

Let ^, y be the co-ordinates of P; -^, F those of any 
point in the normal at P; therefore (76) the equation to the 
normal is 

(r-y)d:,y + X-w=^0, 

X is here the parameter; therefore (114) the values of X and 
Y that satisfy the preceding equation and 

or (r-y)(f,y-(d,y)«-l=0, 

are the co-ordinates of P', But the values of X and Y that 
satisfy these equations are the co-ordinates of the centre of 
curvature (82) ; therefore P' is the centre of curvature of PQ 
at P. 
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EXAMPLES. 

1. Tofind d, {a + S6a?-c.T*}. 

d, {o + S6i?-c^*} =d, {36a?-ca?»} (6) = d,(36^)-d,(cj?*) (7) 

= 36-2ca? (6) (10). 



2. To find d. 



<a4- 6v^ \ • 



d, |a + 6\/^ — > ssd, {a + fea?S-ca?"*| = d,{6.rJ-ca?''} (6) 
=:d,6.!i4 + d,(-ca?-0(7) =6^aj4-^-c(-l)^-'-'(lO) 



6 c 



3. To find d,(a + 6a?*)\ 

Let ar = a 4- fta?*, .-. d,« = fcd^a?* (6) = b2,v (10). 

d,(a+6a?*)' = d,sr*=d,ir*.d,5f(5) =3«*.d,«(l0) = S(o+6a7*)*62ar 
= 66(a + 6a?^)*a?. 

4. To find d, \/(a + 6a? + c«i?*). 

Let )8f = o + 6a? + co?^, .*. d,« = 6 + 2c^. 

d,\/(a + 6.i? + ca?*) = d,s?» = d^st^.d^^z^ "i^"^ -^^^ — ^7~ 

2 ^ (a 4- 6a? + CO?*) 

6. To find d,(o+6a?«)'ar\ 

Let « = o 4- 6a?^, .-. d,« = 26.i?. 
d, { (a + 6a?*)V} = d,(«^/p*) == )8^d,a7* + a?*d,ir» = a^d,/p* + 

= «*5/r* + af'Sff?d,% = 5(o 4-6**)*^?* 4- 66 (a^-hs^^af^. 
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6. To find d,{a-6a?-! + (c*-a?^)t}S. 

Let « = c*-.r*; y = a -6j7"J+ ((^-0?*)^ = a -6ir"»-af«. 

7. To find d, { (a + 6a?*)' (c + cor^)'} . 

Let y = a + 6a?*, « = c + co?* ; 

d,{(a + 6a;«)Hc + ea?*)*} = d,(y»«*) = j^d,^* + i^^d,y' 

= y'd,** . d,» + s^dy^ . d,y « 5y'jjf* . d,af + S«*y* d,y 
= 20(0 + 6a?*)' (c + ea/^Yea^ + 6(c + eaf*y (a + bar^y 6a?. 



8. To find d 



07 



Let ar = a — 0?, .-. d,« = — 1. 
V(a-^) »« («•)* 



1 , . 07 If// X ^ I ^^"^ 

= -(«« — rd,»)= {a/ («-«») + 7> -vf = 



a?)i 



9. d, log. 



a + 07 



a-a? 



d,loge (o + o?) - d,log. (a-x) 



dg {a — 0?) 
a —a? 



(22) 



1 1 

+ 



a •{■ w a - X 



2a 
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10. d, log, { X + y/(ji^ ± a*) } = 

1 +a?(.T?"±a*)"* 



1 



(22) 



^ + ^/(a?''±o') v'C^iaO 



11. d,Iog. 



oe 



= d,loge A'-rf, log^ {o+ v/(a^±.T?^) } 



a 



xy/{a^^a^) ' 



12. rf, log. (log. w) = --^^' ^^-'' = — 

log^ OP as logg cP 



I 



la d,(47log^a?)= Ad,log„d? + log^a? = + log„ X. 



log. a 



- - - , d, cos X — sin tr , ^ 

14. d, log. cos a? = = — - (29) = - tan a?. 



cos X cos X 



16. d, versin"^ — 

a 



Qx 
d, — 



V{ 



^•T-(?) 



(30) 



1 



^(a<i?— ^) 



16. dj, log. tan a? = 



dj, tan A' (secant xy^ 



tSLliX 



tanci? 



sin 207 



17- d^ log. (cos X + v--^ sill ^) = 

— sin X -\- V — 1 cos .17 



cos 



X + v-1 sin X 



d, (cos «t? + v— 1 sin .v) 
cos X -\- y/^i sin .r 
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18. dAan~'i\/[- — r)tand?i 



(30) 



A^) 



a ^ b 

1 + (tan Off 

a ^ b 



(secant^)" ^(„._6«) 



a-b. ^ (a + b) (cos wY + (a - 6) (sin wY 

1 + — — (tan ar)* 
a + 

_ ^(a^^b') 
a -\- b cos 2 ii' 

19. To expand (a + bw + cai^ + daf^ +.-.)" in a series of 
ascending powers of a\ 

Let (a-\'ba! + ca^-\'da^+...y = A -^ Bos + Co^-^-Dai^ •¥ ... ; 

therefore, differentiating the logarithms of these quantities, 

b + 2Cci? + Sda^ -h ... B ->r 2Caf + SDw^ + ... 

a -H 6a? 4- car^ + dtir* -h ... J + Bo? + Co;?^ + Da^ -\- ... ' 

therefore, multiplying both sides by the product of the de- 
nominators, and arranging the terms according to powers of a?, 

nbA H- 2ncAw + SndAa^ + ^neAaf^ + ... 

-i- nbBw -h 2ncBar^ + 3ndBar^ + ... 

+ w6C<r* -H 2»cCar*+ ... 
-H nbDar^+... 

+ ... 

= aB + 2aCa7 -i- SaDa^ + ^aEa^ + 

+ 65<r+ 26Cd?^ + 36Z>A?3+ .-. 
+ cBa^-^ 2cCa^ + ... 

1^ • • • 
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Therefore, equating the coefficients of like powers of or, 

aB ^nbAy 

2aC -¥hBTz 2ncJ + nbB, 

SaD + 26C + c5 - SndA + 2ncB + »6C, 
&c. =s &c. 

Also, making ^ » in the equation 

{aJrbx-¥ ...y^ A + Sa '+ ... 
we get A ^ a* \ 

1 
^ , w w - 1 

1 2 

D^na^'^d + a'^'^hc^ a^'^b\ 

11 12 3 

&c. = &c. 

/. (a + 6ar + ca^ + da? + ...)* 

fi fn n n " 1 \ 

1 Vl 12 / 

+ (na-»d + -^^ a-«6c + - 11— i ^! a*-»ff») a?^+ ... 

^ 11 12 3 ^ 

20. To expand tan a? in a series of ascending powers 
of a?. 

Tan (- <r) = — tan w, therefore the series for tan x contains 
no even powers of w. Also {tan w\^^q^ 0. Therefore we may 
assume 

tan 0? =5 ao? -H bar^ + car" + da:' + ew^ + ... 
.*. d«tan<r = a + SbaP + btai^ + 7d^* ^9ea? + ... 
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But djp tau /r = 1 -h (tan xy 

+ 2aca/^ + 26cj?^ + ... 

therefore, equating the coefficients of like powers of ^, 

2 



a«l; 6=r-i.a* = ^; c = l2a6 



3.5' 



1 7 f)2 

d = l-(fc« + 2ac)= ; c = ^(2od + 26c) 



3.3.5.7 ^3.3.5.7.9 



.'. tan a? = ^ + 1- i H 1- ... 

3 3.5 3.3.5.7 3.3.5.7.9 



21. To expand 8in(.r + A) and co8(^+A) by Taylor^s 
Theorem. 

sin (^ -H A I s san d7 + a. sm J7 - + a! sm /r h C si'^ ^ + • • • 

^^ ' 1' 1.2' 1.2.3 

'■ (3S) 

co8{,r + A) = cos ^ + a- cos a?— + »!cos/r |-»,cos^ + ... 

^ ^ ' 1 ' 1.2 ' 1.2.3 

therefore, substituting the values of d, sin ^, d^sinj?, ... 
d, cos or, c^cosa?, ... (32), we get 

sm (^ + A) s sma? + co8a? — sm a? coso? h ... 

^ ^ 1 1.2 1.2.3 

.A A* . A' 

cjos (4? + A) = cos w — imw cos w h sin a; h •• . 

^ ^ 1 1.2 1.2.3 



22. To expand tah"^ (a? + A). 



d, tan-.* ,r « (33) ; 

1 + ^ 
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,'. «/:tan~' a? = d. 



2a> 



1+a;'' (1+0?*)*' 



f 2.r I 2(3a?*-l) 
d,tan- .r = d, |- ^^-^^} = (, + .^)3 ^ - 



.-. tan"* (^ 4- A) = tap"* j? + 



1 h 



2a? 



1+ a;^ 1 (in- .r^y-^ 1 . 2 






If tan"* 07 = — - )8f, cot ar = .r, .•. d,sr = - (sin zf. 

2 



dg tan"* 0? = - d^a? = (sin zf^ 



1 



1 .2.3 



d^ tan"* a? = d,^ . 2 sin » cos « = - (sin %f sin 2af, 

— c^ tan"* a? = - d,5f { sin 2 . cos 5? . sin 2ar + (sin ijr)^ cos ^z\ 

• 2 

= - d,« . sin ^ . sin 3ar = (sin zf sin 35f, 



d* tan"* a? = d,^ { (sm zy cos )8f sin 3z + (sin ^)* cos 3z\ 
= d,iy (sinar)^.sin4i5f = - (sin^)*sin4«, 



&c. s± &c. 



.'. tan"* (a? + A) = tan"* ^ + sin i!r . sin ^ — (sin z)^ sin 2ijf -- 
+ (sin ^)' sin 3sf ... - (-1)* (sin ar)* sin n^jf ... 

«5 7» 
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23, To find d; {a + 6a?^-c^}^ 
dl[a-^ba^-^ ca^]* = [n . coefficient of A* in the expansion of 

{a + 6(a? + A)+c(a?H-A)*}' (45). 
If a + &J7 + ca^ = p, 6 H- Sea? = q^ 

{aH-6(^+A) + c(a? + A)'}' = p {p+^A + cA*}'' 



E 



= T^(P + 9A)' 



1 1 



+ j7ZTTT<P +?*)<'* 



+ ^— 1^ (p + 9*)'- V A* 



•-2 [2 



+ -^ pCp+q-Ay-VA* 



'-S\S 



1 1 

... + — p'~".9".A"+ ... 



r— « In 



+ -iT f— + ^ — p'-^Kq"-" .h'-" + ...I ch' 

1 * 4.— nj.1 n.—9 ^ ^ i 



r—n+1 



+ ,-{.,.+ — ^- ^p'-"+^9-^A»-* + ...}c«A* 



l£ 



r-n+2 



n-4 






r-n+S 



/I— 6 



.•. cTJ {a + 6«r + ca?*} 
InMr-n n'^ ^ r-n+1 n-2^ 



-8 



— — -J— ©'•-«+ Y~v + — ^ — r^P'""'^Y"^c*+— 1 

-n+g |n-4 ^ ^ |r-n+3 [y>-6^ j 



N 
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24. To find the first (n+1) terms of the expansion of 
logger -\-h)y and the remainder. 

f(a^ + h) =/(^) + dj(w) - + </(a?) - + ... 
.-. if /(^) = log. a?, d,/(*) = i, <?/(*) = -3, «C/(*) = 3».- 

a? Or Hr 

\n-\ 
d:iog.^ = -(-l)»-^ (23) 

P = \f{po + A) -/(a») } I = {log. (a? + A) - log. a,\ i 



dJP =-(-!)• 



h |(a? + A)' ~ a»»j ■ 



• log. (a? + A) = log, .17 + - - — + ... 



^ A" f 1 n 

~^"^"^~^"'' «" \(a? + A)" ^j' 

25 If /(«) = a»". 

^= {/(-» + A) -/(^)} i= K^ + A)" -^J^- 



■ »■ 



r 1 
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(Of + A)* = 0?" -h — aj^"^ A + — 



m m-^l 



2 



a?'-«A«+... 



Im An Im An 

»i-» In [m-n * \n 



(w + A)* ^* of 

1 L— = 4. 



|m [m 






m— 1 1 



[m-g |2 



,«i-n + l 



A 



n-l 



(a? + A)*-» A" 
[m-n+1 |n-l |m— n In' 



26. To expand sec ^ in a series of ascending powers of oe 
by Maclaurin's Theorem. 



a^ 



sec/Ts Jseca?}^o+^*=o^^^~" + ^jr=oSeca? — 



+ d,=o sec a? - — r^ + d.*_« sec a? 



a?* 



1 .2.3 



"#=0 



1 .2.3.4 



+ ... (39). 



d, seCiT 



sec J7 = 



tan ^ . sec <r (30), 
sec a? + 2 (tan a?)' sec a?, 

5 tan a? . sec 0? - 6 (tan aiy sec .a?, 
5 (sec opy - 2 (tan aiy sec a? - 24 (tan a?)* sec ar, 
&c. = &c. 



c{!seca; = 



m 



{seca7},^o=l, 
^#=0 sec a? = 0, 
d^oSeca?= 1, 
^,=0 sec «r = 0, 
<^/=o sec a? - 5, 
&c. = 8z;c. 

.-. sec 07 = 



1 +— + 



5ci?^ 



1 .2 1 .2.3.4 



+ . 
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Cotan^ and cosecx involve a negative power of x^ and 
versin*' x involves fractional powers of ^; therefore (40) they 
cannot be expanded by Maclaurin^s Theorem. 

27. To expand ^ in a series of ascending powers of Xy x 
and y being connected by the equation ^ — axy — fi' s 0. 

DifFerentiating with respect to x, we get 

(3y* - ax) dly + 6y {d^yf - 2 ad,y = 0, 

{Sf - ax) ^y + 3 {6yd^y - a) d^y + 6{d,yf = 0. 



« u .. ^ j3 2a« 



/. y^o = ^ d^oy = — , d^oy = o, d,^oy = -^, 

.-. y = 6 + -— — H- ... 



28. To. expand y" in terms of x and z by Lagrange^s 
Theorem ; x^y^z being connected by the equation y^z + xy^. 

Comparing this equation with (50) we get 

<l>(y) = y"^ /(y) = y*i 

.-. <l>{z) = z% f(z) = s^. 
dJiz) = nz^-\ <p(z)djiz)^nz'^''\ 



dz { ^(«) I d,/(ar) } = n (n + 2 r - l)i»»+*'-^ 
<^i {^T dxfi^)] =/i(w + 3r-l)(n + 3r-2)«»*^^-^. 
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Therefore substituting these values of <p{x)j dgf{x), ...in 
(50) we get 

n ^, nn-f-2r-l ^o^o 

^1 12 

n n + Sr-l 7» + 3r-2 ^ _ _ , 

1 2 3 



29* Reversion of series. If 

= a + 6y + cy* -f dy' + ... ; 
to find the value of y. 

Let ar=:-^, ^'' y^X' (-f + -i^+ ...U 



comparing this with y ^ % + ^<j>(y) ^^ g^t 

a? = -i, 0(y) = ^j^ + -^y'-f-^y* + ...; 

^ b 

c* . cd 



0W>l* = y»* + 2 jr^+-' 



^«{0Wl'} = *i?^+i^^^ + - 



— - — 13 c^ (?d 



c' . . c*d 



Sec. s &c. 
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.-. (50) y = ar-(^ «* + -«»+ ^««+,..j 



a fccf dc^ ecf" \ 

30. Let a + A be one of the roots of the equation 
.-. = « + tt'A + i «" A^ + ^u'" h" + ^u"" A* + ... 

ff tn ,ntt 

•*• *=-^- IV* -"^17* +^ir* -^ -^ 

Comparing this with the equation y ^x -\- w<j>(f/) we get 

u 

y = hy i8r = --7, a? = -l, 



' t^ f^ t^ 






..^.^3 6.5 («")' , 



&c. = &c. 
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.(«")\.« 



If a be a near approximation to one of the roots of the 
equation ^(po) = 0, t^ will be very small, and the series ex- 
pressing the value of h will converge rapidly. 

31. To differentiate %f ; y and % being functions of <r. 

^»^ = ^m^ • ^•y + <*(»)»* • ^*^ (52) 
= ary*-' . d,y -f log^y .y* . d,ar. 

32. To differentiate v^ ; v^y^ x being functions of ^r. 

Let if ^U .'. v^ = tj*. 
d,t/ = d,tj* = d^^jV* . d,tj -f d^^jtj* . d,^ 
= ^u*"^ . d^tj + log^ t? . w* . d,^. 

d,^ = d^y* = ^y'-^ d,y + log^ y . y* . d,« ; 
.-. d,i/ = y* . — d.tj + loge V . «^ (xy^^d^y -f log^ y . y* . d,«). 

33. To find d^y^ c^y, ... ; where a? and y are connected 
by the equation if — Sawy -\- a? ^0. 

Let u^f^-Sawy + a^y .*. w = 0, .*. d(,)W + d^y)W.d,y = 0, 
and d(*)W + 2d^,)d^i*.d,y + d^u.* {d^yf + d^yj w.djy = 0. 

d^^^u = - Say + Ssf^ d^^^u = 3y* - 3aa?; 
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/. a^ -' ay -if {j^ -- ax) d,y = 0. 

.*. 2a? - ^ad^y -f- 2y(d,yV + (f^-aw) d^y = 0. 

34. If a?* + Qaa^y -by^-0, 

d^g^u as 40?^ + ^axy, d^^u = 2aa? - Sbt^; 

.'. 4^;^ + 4aa?y + (2a<r-36y*)d,y = 0. 

d^*)W =1.20?*+ 4ay, d^^^d^y^w = 4aa?, d^^u = - 66y ; 

.'. 1 .207* + 4ay + Saa^.d^y - 66y (d,y)* + {Zaw-Shtf) d\y = 0. 

35. To eliminate a from the equation 

at^ - 6a?* + 9,cwy = 0. 

-6o? + cy + (ay + ca?)d,y = 0, .-. ayd^y = bw -cy -cxd^y^ 
therefore substituting this value of a in the original equation 

hxy - cy* + {cwy - 6a?*) d^y = 0. 
Eliminating 6 we get 

ay* + cwy + (ao?y + ca?*) d,y = 0. 

36. To eliminate a from the equation 

2ay -a?* + a* = 0. 



— 07 + ad^y = 0, .-. a = 



w 



.-. 2yd,y - a?(d,y)* + a? = 0. 

37. To eliminate a and e from the equation 

y - ce""**- a = 0. 

d,y+ Soo?*€"*' = 0, 

dly + 6ccr e"*^ - 9ca/^ e"** = 0. 



lOS 
Whence We obtain 

38. To eliminate e" from the equation 

(e^-l)w = 6«'+l. 

(€**- 1) d^u + 2t^€^' = 2€'% 

.-. ^(dj.u + ^u-^) = d^u; 
.-. 1 - 1^^ = d,t^. 

39. To eliminate e' and cos w from the equation 

tt *= €* . cos a?. 
d^f* = £* cos d? — €* sin ^, 
d^^u = - Se'sino?; 
»•. 2dj.u = 2w + d^w. 

40. To eliminate (<2?^ - J^) from the equation 

Let a^ — ff^r; .*. d,r = 2a?, d^r = - 2y. 
af=(<r + y)«0(r) (a) 
d,i?f = (^-f y)"d,0(r) + n(<r-f y)"-^^(r) 
= (a? + y)* d, (r) d,r + n (a? -f y)*"^ 0(r) 
= 2a?(a?+y)»d,^(r)+n(j? + y)»-»0(r) (/3). 

= -2y(a? + y)d,0(r) + n(a? + y)"-^0(r) (7). 

Therefore, eliminating (f>{r) and dr<p(r) between (a), ()3), 
(7), we get 

ydj^x -f .rdy^r « n«r. 

O 
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41. To eliminate F(af + at)j f{w-at) from the equation 

y = F{x + af) -{-fipc - at). 

Let {v + at = rj w -at^ «'; 
.', dgV = 1, diT = a, d,a? = 1, di8 = — a. 
y = F{r) +f(8) ; 

= d,F(r) + d./(«). 

<^,y = d.d^/'Cr) + d,drm = diF(r)d,r + d^,f(s)d.» 

^d^,F{r) + dlfis). 

dty = dj /"(r) + d,/(«) = d,F(r)d,r + d,/(«) dj# 

= odr/'(f) - ad,f{fi). 

^,y = dt{ad,F(r)\ - d, {od,/(«)} = o(^/'(r)d,r - atPj{8)dt9 

= a»(^F(r) + o=d:/(«). 

••• d?y = a^'d^.y. 



«2? — cP""*"^ 

42. To find the value of -— , when a? = 1 

1 -^ 



Let u^w — ^"+^ t? = 1 - 07*. 
t^,=, =0, «,=i = 0. 

d,u=^ 1 - (2n-f l)a?**, d;p=iW = -2«. 
dgV = - 2a?, d,=:it? = — 2. 

.r=l **^y=l 



107 

2a?* — 8a;* — 12 J7 + 20 

43. To iSnd the value of — r , when a? = 2. 

,t?3 - d?« - 8 a? + 12 

Let u = 2a^ - Sx^ - 12a7 + 20, w = a?* - a?* - Sa? + 12. 
w,=8 = 0, v,^a = 0. 
d,t* s= 6a?* — 6a7 - 12, d,=2^ =" ^• 
d,ii = Sa?'^ - 2a7 - 8, d,=2^ = ^• 
c^w = 12a? - 6, ^,=2^ == 18. 

dlv = 6a? - 2, c//^2^ = 10. 

.^^v «x=2 ^x=2«^ 18 
.-. (62) = ---^- = — . 

f?,=2 rf;=2^ 10 

44. To find tlie valiie of « ; when a:^a. 

{a^ - ay 

In this case, if u and v denote the numerator and de- 
nominator of the fraction respectively, u, t?, d^w, d,« vanish, 
and d^w, d^t? become infinite, when a?=a. We must, therefore, 
substitute a + A for a? in u and v, and expand (63), 

«^,=a+* = (2«A + A')« = (2«A)5 {l + f - -f ... }. 



\3aj 



^ a ' ffl 



«.,=« ^•■'ffl. 
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45. To find the maxima and minimum values of 

af' - 5a?* -f- 5a?^+ 1. 

Let u — af" — 5w^ + 5a^ + 1 ; 

.-. d,t^ = 507* — 5.4a?^ + 5.3^7*. 

The values of w that render u a maximum or a minimum 
are found among those that satisfy the equation d^u = (68). 

The roots of d,w = 0, or of 5a?* - 5.4/ir* + 5.3a?* = are 
3, 1, 0. 

dr^u = 5(4a?^-12ti?^ + 6a7). 

dl^^u =5.18, a positive quantity ; 

•'• ^x=:3 = — 26, a minimum. 
d^^^u = - 5.2 a negative quantity ; 
.'. u^^ = 2, a maximum. 

dl^u = 0, .'. w^Q is neither a maximum nor a minimum. 

46. If y^ - 3a<ry + 07* = 0, to determine the maximum 
values of y. 

Differentiating by the rule in {5S) we get 

(^ - ax) d^y -f- 0?* — ay = 0, 

{f^-ax) (^y + 2y (d,y)* - 2ad,y + 2a? = 0. 

When y is a maximum or a minimum d,y=0, .*. x^-^-ay^Of 
therefore substituting this value of y in the original equation^ 

0?® — 2 o^o?^ = 0, the values of x are 28a, 0. 

When X = 2sa, y^ - 2 . 23a^y = 0. 

When X = 2»a5 y*^ — 23a^y = 0, 

.*. y = 280, or 0, 
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When y = 2»a, f^ — aw is positive, therefore cJjy is nega- 
tive, therefore 2' a is a maximum value of y. 

When ar = 0, we have y = 0, d,y = - , d^y = - . 

In this case {65) d^y = 0, c^y = — . Therefore is a 

Sa 

minimum value of y. 

47. If X = f^ -^ a^ — Sajpy; to find the maximum and 
minimum values of x. 

djfZ =^ 3{a^ - ay)p 

dyZ ^ S(^ - ax)^ 

dP^z = 6tr, dgdyZ = - 3a, dy» = 6y. 

The values of x and y that make dgZ = 0, dyir = 0, are 
w^ a^ y ^ ay and a? = 0, y = 0. 

dL.^.d;^z^s6a\ {d^dy^zy^9a\ 

^La^ • ^y=a^ " (rfx=a^y^*)^ = 27 a* a positive quantity. 

And d^^ is positive; therefore (71) - a^ is a minimum 
value of z. 

d^^^z^Oy d^^^z = Oy d^^dy^^z = ^3a; 

Therefore when a? = 0, y = 0, ar is neither a maximum nor 
a minimum. 

48. If wyz s o^, and t^ =: 2<ry + 2a7i2r + 2yz ; to find the 
values of w and y that make u a minimum. 

Since xyz = a', ar is a function of x and y ; therefore 
differentiating the equation wyz = a^, first with respect to w, 
and then with respect to y, we get 

yz -f- vryd,« = 0, 
wz + ivydyX = 0. 
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And dgU = 2y + 2i8f + 2wd,% + ^yd^z^ 

dyU = 2^ + 2wdy% -f 2i8f + 2«f + ^ydyZ. 

Making d^u = 0, dyW = 0, and substituting the values of 
dgXj dyZj found above, we obtain 

0? — «f = 0, y — J8r = 0; 

.*. Of = y ^ z = a. 

And the minimum value of u is 6a^, 

49. If a'^^tr = if, and w = (a? + 1) (y + 1) (i«f+ 1) ; to find 
the values of w and y that render «i a maximum. 

a'lffif = JT, .'. w log^ a + y log^ 6 + 5f log^ c = log^ if; « is 
a function of ci? and y ; therefore, differentiating, we get 

loge a + loge cd^z^ 0, log^ 6 + log^ c . d^af = 0. 

d,w 1 d,ir dPu 1 d^jif 

= + , = + . 

Making ds.u = 0, and substituting the values of d,«, dyX 
found above, we get 

(a?+ 1) log.« = (y + 1) log^fc = (;5? + 1) log^ c. 

^ " 31^ ^^""^^ ^''''^^ " ^ ^""^^ ^^ ' 

^ " 3 log r ^^""^^ ^""^^^ " ^ ^""^^ "^^ ' 
1 {log,(«feoJr)p 



3^ logg a . log^ /> . log^ c 
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50. The equation to the ellipse is 

The equation to a tangent to a curve at the point (cV, y) is 

Y--y = d,y(X-ai). 

Substituting the value of d^y given above in this equation, 
we get for the equation to a tangent to the ellipse 

therefore reducing, and observing that — -h — = i, we get 

Yy Xw 

The subtane^nt = - - — = — — . 

The equation to a normal at the point (<r, y) is 
(F-y) d,y + ^ - 0? » 0. (16). 

Substituting the value of d^y in terms of w and y, this becomes 

X Y 

X y 

I? 
The subnormal ^yd^y^ — -x. 

The length of the portion of the normal contained between 
the curve and the axis of x 

Differentiating the equation ^a + ^ = 0, we get 



lU 






1 + ((?,y) = 






r = — 






a* 



= TT (normaiy. 

Let Jf, F be the co-ordinates of the centre of curvature; 
then (82) 

Y= y + ^{i + (d,yy] =-(a*-l^)^, 

.-. (a^)U(a*-y)l^, 
(6F)l=(a»-6«)i^. 

Therefore, adding and observing that -i + it = 1> ^^ get 

a cr 

the equation to the evolute (fig. 27.) 
61. The equation to the cycloid is 

y = a ver sin"^ — + /y/(2a^-a;*) ; 



... d.y-/s/(?^). 
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Let JTy Y he the co-ordinates of the centre of curvature at 
the point a^, y ; then 

= a ver sin~* ^(2a^-ti?*) 

= aJw- ver sin"^ > - ^{^ax-oF) ; 

therefore, substituting the value of w in terms of X^ we get for 
the equation to the evolute 

air - r = a ver sin"^ ^"^^ + y/{2a(jr^2a) - (^-2a)»}. 

This is the equation to an equal cycloid (fig. 28) ; its axis 
is parallel to the axis of Wy and the co-ordinates of its vertex 
are J7 = 2a, y^ aw. 

62. To draw an asymptote to the curve 
y* - Sawy + ^ « 0. (fig. 29). 






X \ X xj 

= 1 - ^ ^ - ?- f^y - ... 

XX 3? \x) 

X \ XX I or \x) 

a a y a* /y\* 

X or X jr \x! 
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.\ «=y + a? + a — terms m — , — , + ... 

w or 

therefore (75) y + a? + a = is the equation to the asymptote. 
Hence if we take OT, OV each equal to a, OJT, OY 
being the axes to which the curve is referred, TV will be the 
asymptote. 

The derived equation to the curve is 

(f^ - aai) d^y + a?* - ay = 0. 

When d,y = 0, a?* = ay, .•. a? = 2«a, y ^Q^a, These values 
of w and y do not cause y^ — aw to vanish ; .*. (109) a tangent 

to the curve at the point <r = 2sa, y s 2ia, will be parallel to 
the axis of a?. 

In the same manner it appears that a tangent to the curve 
at the point ^ = 2ta, y = 28a, is perpendicular to the axis of w. 

If we suppose a^ to vanish, we have y^ — 3aa?ya=0; .*. 
9^ ^ Saw, If we substitute this value of w in ^, the dimensions 
of y will be higher in this term than in either of the others. 
Consequently o^ vanishes compared with the other terms when 
Of is very small. Hence a portion of the curve near the origin 
will have for its approximate equation f^ ^^ Saw. This portion 
will resemble boc (112). In the same manner we shall "find 
that y^ vanishes compared with the other terms when y is very 
small, and that, consequently, a^^Say is an approximate 
equation to the portion doe oi the curve. 

53. Let the equation to a curve be 

y^ - 9,wi^ + a^y - a^ = 0; 

w becomes infinite when y = 0, therefore (108) the axis of w is 
an asymptote. 



w \\wi w ] or 



lU 






- & - i & 



+ .. 






theKfive y — X is the equadoo to an asymptote. 

54. Let the equatioD to the cuire be 

jf^ - gflp'j^f + jr* = O (fig. 30.) 



jr 5 Vjr/ X 



s 1 -r - I— ) - ... substitutiiig the Tahierf — ; 

.-. o = , + *^?Q -.-. 

.-. y ^ X = O is the equadoD to an asymptote. 

x^ win be found to Tanish, compared with the other 
when X is verj snialL The ap p ruxim ate equaiiiMi in lids 

is jr*-2ii*x'f = 0. This gires |f*«:V^ax, 5* = — V^«'- 
These are the ^qiproximate equations to the portiaBs frr, tf e ct 
the curve. 
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y^ will be found to vanish compared with the other terms 
when y is very small. The approximate equation in this case 
is a^ -2a^^p*y = 0, .'. a^ = ^a^y. This is the approximate 
equation to the portion fg. 

SB. Let the equation to the curve be 

fy\^ b c d e y 

I a 4- - + ..J 



ip 



v^{i+-^ — + — } v + 2 ^- — r — \ 

^^_JU-+ terms in 1,1,... 



. y = x/«^+ 7=+ ... 

2Va 

- y « -x/a^ + 7= + .. 

2Va 



-y = ^/«^ + 



2\/a 
b 



are the equations to asymptotes. 

Also y is infinite when a? = ; therefore the axis of y will 
be an asymptote. 
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56. Let the equation to the curve be 

■■(l)"-^%-7il'-^©"}»-- 

••■(l)'-'*^%-7i{=-'{!)*}i*- 

= 1 +\/2 + 7= {3-2\/2 + ...i -+ ... 

2v/2 , ' ^ 

Of ^^ ^ 8>v/(2 + 2\/2) ^ ^ 

/, /"x S-2>\A 
.-. y = V^(l + \/2) 07 + 7=- «, 

8>v/(2 + 2x/2) 
y, /-v 3-2\/2 

are the equations to the asymptotes. 

In all these cases y might have been expanded in the re- 
quired form by Lagrange's Theorem. 

57. Let 0?* - 2ay^ - 3 a^y* - ^a^tV^ + a* = be the equation 
to a curve (fig. 31.) 

The derived equation is 

3a (y* + ay) d^y + 2 (a*w-j^) - 0. 

The pairs of values of of and y that satisfy the equations 
y* + ay = 0, tjfw - a? = 0, and the equation to the curve are 

o^sa, y = 0; ^«=-a, y = 0; o^sO, ys-a. 
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The second derived equation is 

Sai^-k-ay) dly + 3a (2y + a) (d,y)* + 2a* - 6jr» = O. 
Therefore, y denoting the value of d^y when or = a, f == O, 

3y'* = 4, .-. f/= ± v^f 

And the values of y are possible when x = a^hy h being 
small ; therefore w -a, y = 0, are the co-ordinates of a double 
point. In like manner we find that x = — a, jr « 0, are the 
co-ordinates of a multiple point, at which the values of d^y 
are =t >y/l : and also that <r ^ 0, y sz — a, are the co-ordinatei 
of a multiple point at which the values of d,y are ^ y/j- 



58. = -^ is the equation to a spiral (fig. 32). 

When p — a, = oo ; therefore the spiral wiU have an 
asymptotic circle the radius of which is a. p becomes infinite 
when ^—1=0, or when 0=1 or - 1. Hence the spiral will 
have two asymptotes. 

xi. 1 1 .2 

If t^ = - , aw = 1 - ~ ; .-. adeu = — ; 



1 2 

P 



(de«r(B9)=l{i-^ + l+i}. 



14 a 

And when 0^ - l = 0,. — = -- , .•.« = — . 

p^ or 2 

a 
Hence if two straischt lines be drawn at the distance - from the 

^ 2 

focus, making with SA^ the line from which 9 is measured, the 
angles 1 and - 1, they will be asymptotes to the spiral. 

When 0^-3 = 0, p = |o, and u + deu-O, while u^ + (de w)^ 
remains finite; therefore the radius of curvature becomes in- 
finite, and the spiral has a point of inflexion. 
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69. If the circle QPE (fig. 33.) touching the circle BQA 
internally, roll upon BQJj the curve BP traced out by any 
point P in the circumference of QPE, is called a hypocydoid. 
Let S be the centre of BQA. Through S and the centre of 
QPE draw SEQ ; therefore the circles touch each other in Q. 
The motion of T is manifestly perpendicular to PQ ; therefore 
PQ is a normal, and PE a tangent to BP at P. Draw SY 
perpendicular to PE. Let BP^ be the evolute of BP, P^ the 
centre of curvature of BP at P; then (86) QP will be a 
tangent to the evolute at P'j and YP will be equal to the 
perpendicular from S on PQ. Let SQ ^ a, QE » 26, SP^ p^ 
SYmp, SP'^p, YP^p\ 

QS"' ES"' " a'^ ^^" (a-26)^' 



^2vr pr r, (a-Uy 
But (96) p^ -p'« = pdpp-p, and p'« = /o* -p*; 



(0-26)"^ ' ' a* 



a« 



or, if = a' and a = a — 26', 

0-26 

the polar equation to a hypocydoid, in which the radius of the 
fixed circle is a , and that of the rolling circle 6'. 



a 



a a '2b' h' 



a a — 2b a — 2b 6 ' 
therefore the hypocycloids BP, BP' are similar. 

When p = we have p ^'jp ^ p^a\ therefore the apse of 
Bp touches the circle BQA at the point where it meets the 
cusp of BP. 
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60. The extremities of the straight line AB (fig. 34.) 
inoYe in the rectangular axes OJT^ OY; to find the curve 
which AB perpetually touches. 

Let AB s c, OA = a ; then the equation to AB wiU be 

jff y 

Differentiating this equation with respect to the parameter 
a (lis), we get 

w ya 

therefore, eliminating a between this equation and the equa- 
tion to AB^ we obtain .t^s + ys = cs the equation to the curve 
which AB perpetually touches. 
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